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Abstract
Electric-magnetic dualities are equivalence between strong and weak coupling
constants. A standard example is the exchange of electric and magnetic fields in
an abelian gauge theory. We show three methods to perform electric-magnetic du-
alities in the case of the non-commutative U(1) gauge theory. The first method
is to use covariant field strengths to be the electric and magnetic fields. We find
an invariant form of an equation of motion after performing the electric-magnetic
duality. The second method is to use the Seiberg-Witten map to rewrite the non-
commutative U(1) gauge theory in terms of abelian field strength. The third
method is to use the large Neveu Schwarz-Neveu Schwarz (NS-NS) background
limit (non-commutativity parameter only has one degree of freedom) to consider
the non-commutative U(1) gauge theory or D3-brane. In this limit, we introduce
or dualize a new one-form gauge potential to get a D3-brane in a large Ramond-
Ramond (R-R) background via field redefinition. We also use perturbation to study
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the equivalence between two D3-brane theories. Comparison of these methods in
the non-commutative U(1) gauge theory gives different physical implications. The
comparison reflects the differences between the non-abelian and non-commutative
gauge theories in the electric-magnetic dualities. For a complete study, we also
extend our studies to the simplest abelian and non-abelian p-form gauge theories,
and a non-commutative theory with the non-abelian structure.
2
1 Introduction
The M-theory provides useful dualities to unify different kinds of theories and helps us
to understand supergravity solutions [1]. In low-energy limit, the ten dimensional super-
gravity has the T-duality and S-duality. The T-duality is a duality on a target space.
The T-duality of closed string theory [2] exchanges the momentum and winding modes,
and the T-duality of open string theory exchanges the Dirichlet and Neumann boundary
conditions. The T-duality requires an isometry on a compact torus, but a generic back-
ground does not always have an isometry in closed string theory. In other words, the
T-duality maps single valued fields to non-single valued fields and we lose periodicity of
the background. Then we obtain the non-geometric flux after performing the T-duality
twice in the case of constant H-flux. This mapping gives rises to a problem on quantum
dynamics. The solution is to use a double space to construct a well-defined transition
function as a diffeomorphism in closed string theory [3]. With a global symmetry de-
scription, we sacrifice local symmetry in the double space. Local symmetry in the double
space is still possible, but difficulties come from the closure of the generalized Lie deriva-
tive. This double construction is also extended to open string theory, and has also been
applied to cosmology [4–6]. These formulations rely on geometric constructions from the
Courant bracket or generalized geometry [7]. This bracket comes from the combination of
tangent and cotangent bundles. A theory in a double space with the strong constraints
(removing additional coordinates) is equivalent to a theory with the Courant bracket.
The S-duality is a non-perturbative duality by exchanging the strong and weak coupling
constants. In four dimensional electromagnetism, we have an electric-magnetic duality
between electric and magnetic fields. This duality is a special case of the S-duality. A
problem with the S-duality is that it is hard to be performed exactly due to some issues
involving strong couplings. At low-energy level, one successful example is a low-energy
effective theory with a non-commutativity parameter (inversely proportional to antisym-
metric backgrounds) being a perturbative parameter [8]. The extension of duality from
ten dimensional supergravity to eleven dimensional supergravity is the U-duality com-
bining T-duality and S-duality. The manifest U-duality is studied in [9] using extended
coordinates.
String theory is described by a two dimensional sigma model. On bulk, the sigma
model describes gravity. When we impose the Dirichlet and Neumann boundary con-
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ditions on the sigma model, the boundary term comes from the gauge principle. This
boundary term gives a picture of open string ending on a D-brane. The ending point
of the open string shows the non-commutativity. Non-commutative geometry is natu-
rally hidden in string theory. The low-energy effective theory [8, 10–13] of open string
is the Dirac-Born-Infeld (DBI) model. In the DBI model, we have the Seiberg-Witten
map that maps the commutative theory to the non-commutative theory. In the non-
commutative description, the leading order term in the action is a non-commutative
U(1) gauge theory with the Moyal product. The Moyal product captures all the effects
of the non-commutativity parameters. We find an alternative way to examine the string
theory. Now we have many different kinds of non-commutative geometry generalized
from the DBI model. This generalization helps us to find more interesting field theories
and constrain our low-energy effective field theories from the non-commutative geometry.
The first example is the Nambu-Poisson M5 (NP M5) brane theory. This theory describes
a M2-M5 system in the large C field background (only three spatial components) on the
non-commutative space at low-energy level [10]. Based on dimensional reduction, we find
a Dp-brane in the large (p-1)-form background [11] and a Dp-brane in the large NS-NS
two-form background. Especially for p = 3, the S-duality relation to all orders is found
in [8]. According to the dualities, we find the S-duality relation and the non-commutative
geometry on the R-R background. The second example is the non-commutative geom-
etry in closed string theory. The Seiberg-Witten map and the Moyal product in the
DBI model rely on one-form gauge transformation. A low-energy effective theory of the
double sigma model shows a combination of two-form antisymmetric background field
and two-form field strength on boundary and bulk [5, 6]. We have the one-form gauge
transformation on the bulk in the low-energy effective theory without using the strong
constraints. This shows a non-trivial existence of the Seiberg-Witten map and Moyal
product on the bulk. The non-commutative geometry in open string theory can easily
describe all background effects from the Moyal product in the non-commutative descrip-
tions. We should obtain all α′ effects from the Moyal product or the non-commutative
geometry.
A low-energy effective theory of open string at leading order is the abelian Yang-Mills
theory. The abelian Yang-Mills theory in four dimensions at classical level describes the
famous Maxwell’s equations. This theory has local gauge symmetry, and its equation
of motion is gauge invariant. An extension of a gauge principle from the abelian gauge
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group to the non-abelian gauge group gives the non-abelian Yang-Mills theory. An ordi-
nary derivative operator in the abelian Yang-Mills theory becomes a covariant derivative
operator in the non-abelian Yang-Mills theory. The gauge invariant property of the field
strength and equation of motion are modified accordingly. The non-abelian Yang-Mills
theory has a gauge covariant field strength and a corresponding equation of motion. The
gauge principle also helps us to find open string. Local gauge symmetry has a very long
history in aiding the construction of new theories and simplifying our analysis. But lo-
cal gauge symmetry has its own loophole due to redundant descriptions. This situation
implies that local gauge symmetry is too restricted. We never observe gauge symmetry
in our nature. The observed fact is that photon has two polarization states. Violating
the local gauge symmetry is not equivalent to violating our experimental results. An
interesting symmetry constraint should contain physical information and should not be
too restrictive to kill off interactions. Global symmetry is a good candidate. When we
gauge fix a theory, the gauge fixing term does not break the global symmetry. The
global symmetry gives more structures and the Noether currents to our theories. The
Noether currents are important ingredients for the conserved quantities. Double field
theory combines diffeomorphism and one-form gauge transformation to form an O(D,D)
global structure in a double space. This is an example to define the T-duality in a generic
background from global symmetry to avoid isometry problem. Electric-magnetic duality
for the abelian group in four dimensions only exchanges electric and magnetic fields. This
is a rotation-like symmetry so electric-magnetic duality should be the global symmetry
in the abelian gauge theories. Global symmetry is a physical symmetry, so a full study
of electric-magnetic dualities should be interesting.
We use three methods to study electric-magnetic dualities in the non-commutative
U(1) gauge theory. The first way is to use covariant field strength as the electric and
magnetic fields. The second method [14] is to use the Seiberg-Witten map to change
variables in terms of the abelian field strength. This result is interesting because the non-
commutative U(1) gauge theory has a non-abelian-like structure which comes from the
Moyal product. This structure should forbid us to perform the electric-magnetic duality.
The Seiberg-Witten map helps us to rewrite the non-commutative U(1) gauge theory
in a suitable form to perform the electric-magnetic duality. This method sheds light on
finding some hidden symmetry structures to understand the electric-magnetic dualities
in the non-abelian gauge theories. The third method is to consider the large NS-NS
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and R-R background limit. In these limits, a D3-brane in the large NS-NS background
is equivalent to a D3-brane in the large R-R background under the electric-magnetic
duality. We use field redefinition and perturbation to check the electric-magnetic duality
in this method. Although they give different physical interpretations in these methods,
they are all interesting to find mappings between a strongly and weakly coupled gauge
theories. The non-commutative U(1) gauge theory is a good toy model to study electric-
magnetic dualities. Although this theory does not have a non-abelian gauge group, the
Moyal product produces a non-abelian-like term. The electric-magnetic dualities are very
different between the abelian and non-abelian gauge theories. Equations of motion do
not depend on gauge potentials in abelian gauge theories, but equations of motion in non-
abelian gauge theories do. A standard electric-magnetic duality is to exchange the electric
and magnetic fields. If equations of motion depend on gauge potentials, the standard
electric-magnetic duality should not work. A direct generalization should exchange the
gauge potentials to find a dual action at quantum level [15]. We can also put the gauge
and dual gauge fields together to find the manifest electric-magnetic duality in an abelian
gauge theory [6]. This direct generalization is our first method. This method can be
performed in the non-commutative U(1) gauge and non-abelian Yang-Mills theories. The
electric and magnetic fields in the non-abelian gauge and non-commutative U(1) gauge
theories are covariant objects. They are not gauge invariant as abelian gauge theories. In
abelian gauge theories, electric and magnetic fields are physical observables. A magnetic
monopole solution in the abelian Yang-Mills theory should be detectable if magnetic
monopoles exist in our nature. But the magnetic monopole solution for field strength in
the non-abelian Yang-Mills theory is not a detectable observable. In our first method,
we can find more differences between abelian and non-abelian gauge theories. In abelian
gauge theories, we have a restriction on dimensionality from the Poincare´ lemma. But we
do not have the Poincare´ lemma in non-abelian gauge theories. We lose a restriction on
dimensionality. This feature possibly reflects the fact that the electric-magnetic dualities
have different interpretations in interacting theories. The second and third methods
are also suitable in the non-commutative U(1) gauge theory. A good property of these
methods is that we have a restriction on dimensionality for the non-commutative U(1)
gauge theory. But they cannot be extended to the non-abelian gauge theories. The second
and third methods imply that the non-abelian-like term in the non-commutative U(1)
gauge theory is still different from the non-abelian term in the non-abelian Yang-Mills
4
theory. We compactify 2-torus in the multiple M5-branes theory, then we should obtain
two D3-branes with different backgrounds arising from the ordering of compactification.
There is S-duality or electric-magnetic duality between two theories. More suitable and
consistent electric-magnetic dualities should help us to probe a consistent multiple M5-
branes theory. We will point out the difficulty in our studies. For a generic study and
completeness, we also define the electric-magnetic dualities in the simplest p-form gauge
theory with the abelian and non-abelian gauge groups, and a non-commutative theory
with the non-abelian structures.
We first review the electric-magnetic duality of the abelian and non-abelian Yang-Mills
theories in Sec. 2. Then we give three ways to perform the electric-magnetic dualities
of the non-commutative U(1) gauge theory in Sec. 3. The extension of the electric-
magnetic duality of the p-form gauge theory with abelian and non-abelian groups, and a
non-commutative theory with a non-abelian structure are in Sec. 4. Finally, we conclude
and discuss in Sec. 5.
2 Review of the Electric-Magnetic Duality in the
Abelian and Non-Abelian Yang-Mills Theories
We review the electric-magnetic dualities for the abelian and non-abelian Yang-Mills
theories [15] in this section. The electric-magnetic dualities in the abelian and non-
abelian Yang-Mills theories exchange the gauge and dual gauge fields. The gauge field in
the equations of motion is simply replaced by the dual gauge field under electric-magnetic
duality. A difference between the two theories is a restriction on dimensionality from the
Poincare´ lemma. This restriction only exists in the abelian gauge theory. Since the non-
abelian structure contains an interaction term, the Poincare´ lemma is no longer valid to
constrain dimensionality. In the non-abelian Yang-Mills theory, this approach has one
advantage that the electric and magnetic fields are the covariant field strengths.
2.1 Abelian Yang-Mills Theory
The abelian Yang-Mills theory is
SAB = −
1
4g2YM
∫
d4x FµνF
µν , (1)
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where Fµν = ∂µAν − ∂νAµ, and gYM is gauge coupling constant. We denote spacetime
indices by the Greek letters.
We introduce an antisymmetric auxiliary field, Gµν , this action is written as∫
d4x
(
g2YMGµνG
µν −GµνFµν
)
=
∫
d4x
(
g2YMGµνG
µν −Gµν(∂µAν − ∂νAµ)
)
. (2)
Then we integrate out A to obtain∫
DG exp
[
ig2YM
∫
d4x
(
GµνG
µν
)]
δ
(
∂µG
µν
)
. (3)
Because of
∂µG
µν =
1
2
ǫµνρσ∂µG˜ρσ = 0, (4)
we get
G˜µν = ∂µA˜ν − ∂νA˜µ (5)
from the Poincare´ lemma. Solving the delta function, we obtain
−
g2YM
4
∫
d4x G˜µνG˜
µν . (6)
At classical level, we find
∂µF
µν = 0 ←→ ∂µG˜
µν = 0. (7)
This is the familiar electric-magnetic duality without source. We use the Poincare´ lemma
to obtain the restriction on dimensionality. However, we have another method to perform
the electric-magnetic duality for the abelian Yang-Mills theory in all dimensions. We start
from ∫
DG exp
[
ig2YM
∫
d4x
(
GµνG
µν
)]
δ
(
∂µG
µν
)
. (8)
Then we introduce an auxiliary field A˜ to rewrite the partition function as∫
DGDA˜ exp
[
ig2YM
∫
d4x
(
GµνG
µν − 2∂µA˜νG
µν
)]
=
∫
DGDA˜ exp
[
ig2YM
∫
d4x
(
GµνG
µν −
(
∂µA˜ν − ∂νA˜µ
)
Gµν
)]
. (9)
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Hence, we integrate Gµν out to obtain
−
g2YM
4
∫
d4x G˜µνG˜
µν . (10)
Because we do not use the Poincare´ lemma to perform the electric-magnetic duality, we
can use this method to extend the electric-magnetic duality from four to all dimensions.
We will also apply this method to the non-abelian Yang-Mills gauge theory.
2.2 Non-Abelian Yang-Mills Theory
The action for the Non-abelian Yang-Mills theory is
SNAB = −
1
4g2YM
∫
d4x F aµνF
µν,a, (11)
where F aµν = ∂µA
a
ν − ∂νA
a
µ + [Aµ, Aν ]
a. We define [Aµ, Aν ]
a ≡ fabcAbµA
c
ν , and denote the
Lie algebra indices from a to z. By introducing an antisymmetric auxiliary field Gaµν ,
this action can be written as∫
d4x
(
g2YMG
a
µνG
µν,a −Gµν,aF aµν
)
=
∫
d4x
[
g2YMG
a
µνG
µν,a −Gµν,a
(
∂µA
a
ν − ∂νA
a
µ + f
abcAbµA
c
ν
)]
=
∫
d4x
(
g2YMG
a
µνG
µν,a + 2Gµν,a∂νA
a
µ − A
b
µf
abcGµν,aAcν
)
=
∫
d4x
(
g2YMG
a
µνG
µν,a − 2∂νG
µν,aAaµ −A
b
µf
abcGµν,aAcν
)
. (12)
The action is quadratic in A, then we can integrate it out in path integral by using the
Gaussian integral ∫
Dx e
i
2
xTMx+iJx ∼
√
1
detM
e−
i
2
JTM−1J . (13)
The partition function becomes
Z ∼
∫
DG
(
detM
)
−
1
2 exp
[
ig2YM
∫
d4x
(
GaµνG
µν,a + ∂γG
µγ,a(M−1)abµν∂λG
νλ,b
)]
,
where Mµν,bc = g2YMf
abcGµν,a. Let us define A¯aµ ≡ −(M
−1)abµν∂ρG
νρ,b. Therefore, Gµν
satisfies an equation of motion
∂νG
νµ,b +Mµν,abA¯aν = ∂νG
νµ,b + g2YMf
cabGµν,cA¯aν = ∂νG
νµ,b − g2YMf
abcA¯aνG
νµ,c = 0.
(14)
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Now, we consider∫
d4x Gµν,aF aµν(A¯) =
∫
d4x Gµν,a
(
∂µA¯
a
ν − ∂νA¯
a
µ + f
′abcA¯bµA¯
c
ν
)
=
∫
d4x
[
− 2Gµν,a∂νA¯
a
µ + f
′abcGµν,aA¯bµA¯
c
ν
]
=
∫
d4x
(
2∂νG
µν,aA¯aµ + f
′abcGµν,aA¯bµA¯
c
ν
)
=
∫
d4x
[
− 2∂νG
µν,a(M−1)abµλ∂ρG
λρ,b +Mµν,bc(M−1)bdµλ∂ρG
λρ,d(M−1)ceνγ∂ρG
γρ,e
]
=
∫
d4x
(
− ∂νG
µν,a(M−1)abµλ∂ρG
λρ,b
)
,
where f ′abc = g2YMf
abc. Therefore, the partition function becomes
Z ∼
∫
DGDA¯ (detM)−
1
2 exp
[
ig2YM
∫
d4x
(
GaµνG
µν,a−Gµν,aF aµν
(
A¯
))]
δ
(
2A¯aµ+2(M
−1)abµν∂ρG
νρ,b
)
,
(15)
where the factor 2 in the delta function is introduced for convenience. We can write the
delta function in exponential form. For the convenience of integration, we can write the
delta function in the other way as
δ(2A¯+ 2M−1∂G) = δ
(
M−1(2MA¯ + 2∂G)
)
. (16)
This extracts a factor of detM out of the delta function. Then we get
Z ∼
∫
DGDA¯DΛ (detM)
1
2 exp
[
ig2YM
∫
d4x
(
GaµνG
µν,a−Gµν,aF aµν(A¯)+2Λ
a
µ(M
µν,abA¯bν+∂ρG
µρ,a)
)]
.
(17)
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The last bracket in the exponential can be simplified as
2
∫
d4x
(
Λaµ(M
µν,abA¯bν + ∂ρG
µρ,a)
)
= 2
∫
d4x
(
ΛaµM
µν,abA¯bν − ∂ρΛ
a
µG
µρ,a
)
= 2
∫
d4x
(
Λaµg
2
YMf
cabGµν,cA¯bν − ∂ρΛ
a
µG
µρ,a
)
= 2
∫
d4x
[
−Gµν,a
(
∂νΛ
a
µ − g
2
YMf
bacA¯bνΛ
c
µ
)]
= −2
∫
d4x
(
Gµν,a
(
D(A¯)ν Λµ
)a)
= 2
∫
d4x
(
Gµν,a
(
D(A¯)µ Λν
)a)
. (18)
Substitution of this term into (17) gives
Z ∼
∫
DG (detM)
1
2
∫
DA¯DΛ exp
[
ig2YM
∫
d4x
[
Gµν,a
(
Gµν,a−F
a
µν(A¯)+2
(
D(A¯)µ Λν
)a)]]
.
(19)
Let us change the variable to A˜µ = A¯µ − Λµ. The field strength can be written as
Fµν(A¯) =∂µ(A˜
a
ν + Λ
a
ν)− ∂ν(A˜
a
µ + Λ
a
µ) + f
′abc(A˜bµ + Λ
b
µ)(A˜
c
ν + Λ
c
ν)
=∂µA˜
a
ν − ∂νA˜
a
µ + f
′abcA˜bµA˜
c
ν
+ ∂µΛ
a
ν − ∂νΛ
a
µ + 2f
′abcA˜bµΛ
c
ν + f
′abcA˜cνΛ
b
µ + f
′abcΛbµΛ
c
ν
=F aµν(A˜) +D
(A¯)
µ Λ
a
ν −D
(A¯)
ν Λ
a
µ + f
′abcΛbµΛ
c
ν . (20)
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Thus, we obtain
Z ∼
∫
DG (detM)
1
2
∫
DA˜DΛ exp
[
ig2YM
∫
d4x
[
Gµν,a
(
Gaµν − F
a
µν(A˜)− f
′abcΛbµΛ
c
ν
)]]
=
∫
DG (detM)
1
2
∫
DA˜ exp
[
ig2YM
∫
d4x Gµν,a
(
Gaµν − F
a
µν(A˜)
)]
×
∫
DΛ exp
(
− ig2YMG
µν,af ′abcΛbµΛ
c
ν
)
=
∫
DG (detM)
1
2
∫
DA˜ exp
(
ig2YM
∫
d4x
[
Gµν,a
(
Gaµν − F
a
µν(A˜)
)])
×
∫
DΛ exp
(
− ig2YMΛ
a
µM
µν,abΛbν
)
∼
∫
DGDA˜ exp
[
ig2YM
∫
d4x Gµν,a
(
Gaµν − F
a
µν(A˜)
)]
. (21)
To get the last line, we integrate the field Λ out and get a factor of (detM)−1/2, which
cancels (detM)1/2. This result shows the covariance of the partition function by com-
paring the partition functions. We equivalently obtain
D(A)µ F
µν(A) = 0 ←→ D(A˜)µ F
µν(A˜) = 0 (22)
at classical level. In the non-abelian Yang-Mills theory, the equation of motion depends
on the gauge potential. The abelian Yang-Mills theory only relies on the field strength
at classical level. In the abelian Yang-Mills theory, we can use the the Poincare´ lemma
to perform the electric-magnetic duality at classical level. But we cannot do in the non-
abelian Yang-Mills theory because the equation of motion is related to a gauge potential.
This shows that the electric-magnetic duality is more delicate in the non-abelian Yang-
Mills theory than in the abelian Yang-Mills theory. Although we consider four dimensions
in the case of the non-abelian Yang-Mills theory, we can extend from four dimensions to
arbitrary dimensions. Since we do not have the Poincare´ lemma at the non-abelian level,
there is no constraint on the number of dimensions. In this method, we use covariant
field strength to be the electric and magnetic fields. The covariant quantities are not
physical quantities. This property points out one difference of the electric-magnetic
duality between the non-abelian and abelian gauge theories.
10
3 Electric-Magnetic Dualities in the Non-Commutative
U(1) Gauge Theory
We use three methods to perform the electric-magnetic dualities for the non-commutative
U(1) gauge theory. The first approach is to use the covariant field strength to be the
electric and magnetic fields. Then we will obtain a similar answer like in the non-abelian
Yang-Mills theory. The non-commutative U(1) gauge theory has a non-abelian-like struc-
ture which comes from the Moyal product so we should obtain a similar answer for the
electric-magnetic duality. The second method is to implement the electric-magnetic du-
ality by the Seiberg-Witten map. This map transforms a non-commutative theory to
a commutative theory. In the third method, we consider the large background limit to
perform the electric-magnetic duality from field redefinition and perturbation. In these
three methods, we can observe that the non-commutative U(1) gauge theory is different
from the non-abelian Yang-Mills theory because the second and third methods cannot
be applied to the non-abelian Yang-Mills theory.
3.1 The First Method
The action for the non-commutative U(1) gauge theory is
SNC = −
1
4g2YM
∫
d4x Fˆµν ∗ Fˆ
µν , (23)
where Fˆµν = ∂µAˆν − ∂νAˆµ + [Aˆµ, Aˆν ]∗ is a non-commutative field strength, Aˆ is the
non-commutative gauge potential, and ∗ is the star product. The star product is defined
by
A ∗B ≡ A exp
(
θµν
2
←−
∂ µ
−→
∂ ν
)
B,
[A,B]∗ ≡ A ∗B −B ∗ A, (24)
where θµν is a constant non-commutativity parameter. In string theory, the non-commutativity
parameter is inversely proportional to a B-field background if the B-field background is
large.
By introducing an antisymmetric auxiliary field Gˆµν , this action can be rewritten as
S =
∫
d4x
(
g2YMGˆµν ∗ Gˆ
µν − Gˆµν ∗ Fˆµν
)
. (25)
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Using a formula ∫
d4x f ∗ g =
∫
d4x fg, (26)
the action becomes
S =
∫
d4x
(
g2YMGˆµνGˆ
µν − GˆµνFˆµν
)
=
∫
d4x
[
g2YMGˆµνGˆ
µν − Gˆµν
(
∂µAˆν − ∂νAˆµ + [Aˆµ, Aˆν ]∗
)]
≈
∫
d4x
[
g2YMGˆµνGˆ
µν − Gˆµν
[
∂µAˆν − ∂νAˆµ +
1
2
θρσ
(
∂ρAˆµ∂σAˆν − ∂ρAˆν∂σAˆµ
)]]
=
∫
d4x
(
g2YMGˆµνGˆ
µν + 2Gˆµν∂νAˆµ − θ
ρσGˆµν∂ρAˆµ∂σAˆν
)
=
∫
d4x
(
g2YMGˆµνGˆ
µν − 2∂νGˆ
µνAˆµ + θ
ρσAˆµ∂ρGˆ
µν∂σAˆν + θ
ρσAˆµGˆ
µν∂ρ∂σAˆν
)
=
∫
d4x
(
g2YMGˆµνGˆ
µν − 2∂νGˆ
µνAˆµ + θ
ρσAˆµ∂ρGˆ
µν∂σAˆν
)
, (27)
where we just consider the action up to the first order of θ and ignore total derivative
terms. We used antisymmetric property of Gµν to get the fourth line from the third line.
We integrate by part from the fourth line to the fifth line. The last term in the fifth line
vanishes because of the antisymmetric property of θρσ. Now, the action is quadratic in
the field A, then we can integrate this field out in path integral by using the Gaussian
integral (13).
The partition function is given by
Z ∼
∫
DG (detM)−
1
2 exp
[
ig2YM
∫
d4x
(
GˆµνGˆ
µν − ∂γGˆ
µγ
(
M−1
)
µν
∂λGˆ
νλ
)]
, (28)
where Mµν = g2YMθ
ρσ∂ρGˆ
µν∂σ. Let us define A¯µ ≡ (M
−1)µν∂ρGˆ
νρ, from which this turns
out that Gˆµν satisfies the equation of motion up to the first order (in the Poisson limit),
∂νGˆ
νµ +MµνA¯ν = 0
⇒ ∂νGˆ
νµ + g2YMθ
ρσ∂ρGˆ
µν∂σA¯ν = 0
⇒ ∂νGˆ
νµ + {A¯ν , Gˆ
νµ} = 0, (29)
where {A,B} ≡ g2YMθ
µν∂µA∂νB ≡ θ˜
µν∂µA∂νB.
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Let us consider this term∫
d4x GˆµνFˆµν(A¯) =
∫
d4x Gˆµν
(
∂µA¯ν − ∂νA¯µ + {A¯µ, A¯ν}
)
=
∫
d4x
(
− 2Gˆµν∂νA¯µ + Gˆ
µν θ˜ρσ∂ρA¯µ∂σA¯ν
)
=
∫
d4x
(
2∂νGˆ
µνA¯µ − A¯µθ˜
ρσ∂ρGˆ
µν∂σA¯ν
)
=
∫
d4x
(
2∂νGˆ
µν
(
M−1
)
µλ
∂ρGˆ
λρ −
(
M−1
)
µλ
∂ρGˆ
λρ(M)µν
(
M−1
)
νσ
∂δGˆ
σδ
)
=
∫
d4x ∂νGˆ
µν(M−1)µλ∂ρGˆ
λρ,
where we used integration by part from the second to the third line and substituted
A¯µ = (M
−1)µν∂ρGˆ
νρ into the fourth line. This term is equal to the second term in the
partition function (28). Therefore, the partition function can be rewritten as
Z ∼
∫
DG (detM)−
1
2
∫
DA¯ exp
(
ig2YM
∫
d4x
(
GˆµνGˆ
µν − GˆµνFˆµν(A¯)
))
δ
(
2A¯ρ−2(M
−1)ρσ∂λGˆ
σλ
)
,
(30)
where the factor of 2 in the delta function is introduced for convenience. We express the
delta function as
δ(2A¯− 2M−1∂Gˆ) = δ
(
M−1(2MA¯− 2∂Gˆ)
)
. (31)
This extracts a factor detM out of the delta function after integrating. Therefore, we
get
Z ∼
∫
DG (detM)
1
2
∫
DA¯DΛ exp
[
ig2YM
∫
d4x
[
GˆµνGˆ
µν−GˆµνFˆµν(A¯)−Λµ
(
2MµνA¯ν−2∂ρGˆ
µρ
)]]
.
(32)
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The last bracket in the exponential can be simplified as∫
d4x 2
[
Λµ
(
MµνA¯ν − ∂ρGˆ
µρ
)]
=
∫
d4x
(
2ΛµM
µνA¯ν + 2∂ρΛµGˆ
µρ
)
=
∫
d4x
(
2Λµθ˜
ρσ∂ρGˆ
µν∂σA¯ν + 2∂ρΛµGˆ
µρ
)
=
∫
d4x
(
− 2Gˆµν θ˜ρσ∂ρΛµ∂σA¯ν + 2∂ρΛµGˆ
µρ
)
=
∫
d4x
(
2Gˆµν × {A¯ν ,Λµ}+ 2(∂νΛµ)Gˆ
µν
)
=
∫
d4x
(
2GˆµνD(A¯)ν Λµ
)
=
∫
d4x
(
− 2GˆµνD(A¯)µ Λν
)
, (33)
where we define D
(A¯)
µ O ≡ ∂µO + {A¯µ, O}. Substitution of this term into the partition
function gives
Z ∼
∫
DG (detM)1/2
∫
DA¯DΛ exp
[
ig2YM
∫
d4x
[
Gˆµν
(
Gˆµν − Fˆµν(A¯) + 2D
(A¯)
µ Λν
)]]
.
(34)
Let us define a new variable A˜µ ≡ A¯µ − Λµ. The field strength can be written as
Fˆµν(A¯) =∂µ(A˜ν + Λν)− ∂ν(A˜µ + Λµ) + {A˜µ + Λµ, A˜ν + Λν}
=∂µA˜ν − ∂νA˜µ + {A˜µ, A˜ν}
+ ∂µΛν − ∂νΛµ + {A˜µ,Λν}+ {Λµ, A˜ν}+ {Λµ,Λν}
=Fˆµν(A˜) +D
(A¯)
µ Λν −D
(A¯)
ν Λµ + θ˜
ρσ∂ρΛµ∂σΛν . (35)
14
Thus, we get
Z ∼
∫
DG (detM)
1
2
∫
DA˜DΛ exp
[
ig2YM
∫
d4x
[
Gˆµν
(
Gˆµν − Fˆµν
(
A˜
)
− θ˜ρσ∂ρΛµ∂σΛν
)]]
=
∫
DG (detM)
1
2
∫
DA˜ exp
[
ig2YM
∫
d4x
[
Gˆµν
(
Gˆµν − Fˆµν
(
A˜
))]]
×
∫
DΛ exp
[
− i
∫
d4x
(
g2YMGˆ
µν θ˜ρσ∂ρΛµ∂σΛν
)]
=
∫
DG (detM)
1
2
∫
DA˜ exp
[
ig2YM
∫
d4x
[
Gˆµν
(
Gˆµν − Fˆµν
(
A˜
))]]
×
∫
DΛ exp
[
i
∫
d4x
(
g2YMΛµθ˜
ρσ∂ρGˆ
µν∂σΛν
)]
=
∫
DG(detM)
1
2
∫
DA˜ exp
[
ig2YM
∫
d4x
[
Gˆµν
(
Gˆµν − Fˆµν
(
A˜
))]]
×
∫
DΛ exp
(
ig2YM
∫
d4x ΛµM
µνΛν
)
∼
∫
DGDA˜ exp
[
ig2YM
∫
d4x
[
Gˆµν
(
Gˆµν − Fˆµν
(
A˜
))]]
. (36)
To get the last line, we integrate the field Λ out and obtain a factor of (detM)−1/2 which
cancels the factor (detM)1/2 in front of the measure. This calculation shows
DAµ Fˆ
µν(A) = 0 ←→ DA˜µ Fˆ
µν(A˜) = 0 (37)
at classical level. We can also extend the result from four dimensions to all dimensions as
in the case of the non-abelian Yang-Mills theory because we do not use any information
related to the Poincare´ lemma. The non-commutative U(1) gauge theory has a non-
abelian-like structure, which comes from the Moyal product so it is not surprising to
obtain a similar answer from this method. We will show two other methods to perform the
electric-magnetic dualities in the non-commutative U(1) gauge theory. We will eventually
find that these two methods cannot be applied to the non-abelian Yang-Mills theory.
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3.2 The Second Method
An equation of motion in the non-commutative U(1) theory depends on a gauge potential.
This property causes some difficulties to define the electric-magnetic dualities. From a
point of view of string theory, the non-commutative geometry can be connected to the
commutative geometry via the Seiberg-Witten map. We can use this Seiberg-Witten
map to redefine our theory in terms of abelian field strength on the commutative space.
The Seiberg-Witten map is defined on a commutative diagram. We first use gauge
transformation, then redefine (Seiberg-Witten map) the theory from the commutative to
the non-commutative gauge fields. On the other hand, we change the ordering. We first
redefine the theory from the commutative gauge to non-commutative gauge fields, then
we perform the gauge transformation on the non-commutative space. These operations
should be equivalent because gauge transformation and redefinition do not change any
physical meaning. Then we can find a condition for the Seiberg-Witten map as
Aˆ(A) + δˆλˆ(A) = Aˆ(A+ δλA), (38)
where Aˆ is the Seiberg-Witten map, δλ is a gauge transformation on the commutative
space and δˆλˆ is a gauge transformation on the non-commutative space. Let us define the
gauge transformations
δλAµ ≡ ∂µλ, δˆλˆAˆµ ≡ ∂µλˆ− [λˆ, Aˆµ]∗. (39)
Now we calculate Aˆ and λˆ at leading order. For convenience, we define
Aˆ ≡ A+ A′(A), λˆ ≡ λ+ λ′, (40)
where A′ and λ′ are higher-order effects. If we consider first order correction with respect
to θ, the condition for the Seiberg-Witten map becomes
A′µ(A+ δλA)−A
′
µ(A)− ∂µλ
′ = −θρσ∂ρλ∂σAµ. (41)
We find a solution
Aˆµ = Aµ − θ
ρσ
(
Aρ∂σAµ −
1
2
Aρ∂µAσ
)
, λˆ = λ +
1
2
θρσAσ∂ρλ. (42)
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From this solution, we get
A′µ(A+ δλA) = −θ
ρσ
[(
Aρ + ∂ρλ
)
∂σ
(
Aµ + ∂µλ
)
−
1
2
(
Aρ + ∂ρλ
)
∂µ
(
Aσ + ∂σλ
)]
,
A′µ(A) = −θ
ρσ
(
Aρ∂σAµ −
1
2
Aρ∂µAσ
)
,
∂µλ
′ =
1
2
θρσ
(
∂µ∂ρλ
)
Aσ +
1
2
θρσ∂ρλ∂µAσ. (43)
We can check this solution by plugging these terms into the left hand side of (41) and
considering the first order in λ to obtain
−θρσ∂ρλ∂σAµ. (44)
Now we use this solution to consider Fˆ in the Poisson limit as
Fˆµν ≈ ∂µAˆν − ∂νAˆµ + θ
ρσ∂ρAˆµ∂σAˆν
≈ ∂µAν − θ
ρσ
(
∂µAρ∂σAν + Aρ∂µ∂σAν −
1
2
∂µAρ∂νAσ −
1
2
Aρ∂µ∂νAσ
)
−∂νAµ + θ
ρσ
(
∂νAρ∂σAµ + Aρ∂ν∂σAµ −
1
2
∂νAρ∂µAσ −
1
2
Aρ∂ν∂µAσ
)
+θρσ∂ρAµ∂σAν
= ∂µAν − ∂νAµ − θ
ρσ
(
Aρ∂σFµν + ∂µAρ∂σAν − ∂µAρ∂νAσ − ∂ρAµ∂σAν − ∂νAρ∂σAµ
)
= Fµν + θ
ρσ
(
FµρFνσ − Aρ∂σFµν
)
. (45)
We find one solution from the Poisson limit to infinite orders as
δAˆµ = −
1
4
δθρσ
[
Aˆρ ∗
(
2∂σAˆµ − ∂µAˆσ
)
+
(
2∂σAˆµ − ∂µAˆσ
)
∗ Aˆρ
]
,
δλˆ =
1
4
δθρσ
(
∂ρλˆ ∗ Aˆσ + Aˆρ ∗ ∂σλˆ
)
,
δFˆµν =
1
4
δθρσ
[
2Fˆµρ ∗ Fˆνσ + 2Fˆνσ ∗ Fˆµρ − Aˆρ ∗
(
∂σFˆµν + DˆσFˆµν
)
−
(
∂σFˆµν + DˆσFˆµν
)
∗ Aˆρ
]
,
(46)
where
DˆλFˆµν ≡ ∂λFˆµν + [Aˆλ, Fˆµν ]∗. (47)
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Then we use this Seiberg-Witten map to change variables to write the theory in terms
of abelian field strength as
−
1
4g2YM
∫
d4x FˆµνFˆ
µν ≈
1
g2YM
∫
d4x
(
−
1
4
F µνFµν +
1
2
F µνFµρθ
ρσFσν +
1
2
F µνAρθ
ρσ∂σFµν
)
.
(48)
If we ignore total derivative terms, the final term can be rewritten as
1
2
∫
d4x F µνAρθ
ρσ∂σFµν =
∫
d4x
(
−
1
2
∂σF
µνAρθ
ρσFµν −
1
2
F µν∂σAρθ
ρσFµν
)
=
∫
d4x
(
−
1
4
F µνFσρθ
ρσFµν −
1
2
∂σF
µνAρθ
ρσFµν
)
=
∫
d4x
(
1
4
tr(θF )tr(F 2)−
1
2
∂σF
µνAρθ
ρσFµν
)
. (49)
Hence, we get ∫
d4x F µνAρθ
ρσ∂σFµν =
1
4
∫
d4x tr(θF )tr(F 2). (50)
Therefore, the action is
−
1
4g2YM
∫
d4x FˆµνFˆ
µν ≈ −
1
4g2YM
∫
d4x
(
F µνFµν + 2tr(θF
3)−
1
2
tr(θF )tr(F 2)
)
.
(51)
Then we add one additional term to change F to be an unconstrained field as
1
g2YM
∫
d4x
(
−
1
4
F µνFµν +
1
2
F µνFµρθ
ρσFσν −
1
8
F µνFσρθ
ρσFµν +
1
2
G˜µνF
µν
)
,
(52)
where G˜µν ≡
1
2
ǫµνρσG
ρσ. If we integrate G out, we can obtain dF = 0. Then we solve
dF = 0 to go back to the original action. Varying F gets an equation of motion for F as
−Fµν + Fµρθ
ρσFσν + FµρθνσF
σρ + FσνF
σρθρµ −
1
2
Fσρθ
ρσFµν −
1
4
F ρσθµνFρσ + g
2
YMG˜µν = 0
→ Fµν = g
2
YMG˜µν − Fµρθ
ρσFσν − FµρθνσF
σρ − FσνF
σρθρµ +
1
2
Fσρθ
ρσFµν +
1
4
F ρσθµνFρσ.
(53)
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If we only consider first order with respect to θ, the action is∫
d4x
(
g2YM
4
G˜µνG˜
µν +
g4YM
2
G˜µνG˜µρθ
ρσG˜σν −
g4YM
8
G˜µνG˜σρθ
ρσG˜µν
)
. (54)
The first term can be written as
g2YM
4
∫
d4x G˜µνG˜
µν = −
g2YM
4
∫
d4x GµνG
µν . (55)
Then we define g2YMθ
ρσ ≡ −1
2
ǫρσρ
′′σ′′ θ˜ρ′′σ′′ to rewrite the second and third terms in the
action. The second term is
g4YM
2
∫
d4x G˜µνG˜µρθ
ρσG˜σν = −
g2YM
8
∫
d4x G˜µνG˜µρθ˜ρ′′σ′′G
σ′ν′ǫσρρ
′′σ′′ǫσνσ′ν′
= g2YM
∫
d4x
(
1
4
G˜µνG˜µν θ˜ρ′′σ′′G
ρ′′σ′′ +
1
2
G˜µνG˜µρθ˜νσ′G
σ′ρ
)
= g2YM
∫
d4x
(
−
1
4
GµνGµν θ˜ρσG
ρσ −
1
4
GµνGµν θ˜ρσG
σρ
+
1
2
Gµ
′ρGµ′ν θ˜
νσ′Gσ′ρ
)
= −
g2YM
2
∫
d4x tr
(
θ˜G3
)
. (56)
The third term can be rewritten as
−
g4YM
8
∫
d4x G˜µνG˜σρθ
ρσG˜µν =
g4YM
16
∫
d4x GµνGµνǫσρσ′ρ′θ
ρσGσ
′ρ′ = −
g2YM
8
∫
d4x GµνGµν θ˜σ′ρ′G
σ′ρ′
= −
g2YM
8
∫
d4x tr
(
G2
)
tr
(
θ˜G
)
. (57)
Therefore, the action is given by
g2YM
∫
d4x
(
−
1
4
GµνG
µν −
1
2
tr
(
θ˜G3
)
−
1
8
tr
(
G2
)
tr
(
θ˜G
))
≈ −
g2YM
4
∫
d4x GˆµνGˆ
µν
(58)
after we perform the electric-magnetic duality. The result is very simple and interesting.
The electric-magnetic duality just exchanges θ and θ˜ and invert the gauge coupling
constant. Here, θ˜ is not the same as in the first method. The reason possibly comes
from the use of the Poincare´ lemma. The lemma gives a standard dual between electric
19
and magnetic fields. In the second method, we use the Seiberg-Witten map to rewrite
the non-commutative theory in terms of the abelian field strength to let us exchange
electric and magnetic fields directly. But the first method loses some information from
the Poincare´ lemma, then we map all ordinary field strengths to all dual field strengths.
This is why we can use the first method to perform the electric-magnetic duality in all
dimensions, but the second method is only valid in four dimensions.
The use of the Seiberg-Witten map can rewrite the non-commutative U(1) gauge the-
ory in terms of the abelian field strength. This is amazing and surprising. An equation
of motion in the non-commutative U(1) gauge theory depends on the gauge potential.
Naively, we should encounter some difficulties as in the non-abelian gauge theories. But
we can use the Seiberg-Witten map to rewrite our theories in terms of the abelian field
strength to avoid these problems in the non-commutative U(1) gauge theory. This pos-
sibly reminds us that we can perform some operations in the non-abelian gauge theories
from some hidden symmetry structures. However, we cannot use the Seiberg-Witten map
in the non-commutative U(N) gauge theory to perform the same electric-magnetic dual-
ity. Although the non-commutative U(1) gauge theory has a non-abelian-like structure,
the non-abelian-like structure comes from the derivative operation. This non-abelian-like
structure is still different from the non-abelian structure. If we can find a way to relate
the gauge potential via field redefinition in the non-commutative U(1) gauge theory,
we might apply this method to the non-abelian gauge theories. We will introduce this
method in the next section.
3.3 The Third Method
We consider the D3-brane in the large NS-NS two-form background. This theory on
the non-commutative space is described by the non-commutative U(1) gauge theory. A
well-known fact is that we can perform the S-duality or electric-magnetic duality to get
the D3-brane in the large R-R two-form background. These two theories in the Poisson
limit come from different orderings of compactified directions in the Nambu-Poisson M5-
brane. Different orderings of compactified directions should not change physical meaning.
We first perform a field redefinition from the NS-NS D3-brane theory to R-R D3-brane
theory [8]. Then we perform an electric-magnetic duality from the R-R D3-brane theory
to the NS-NS D3 brane theory to show their equivalence.
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3.3.1 Field Redefinition
In this section, we use field redefinition to connect two D3-brane theories [8], which
come from different orderings of compactified directions in the Nambu-Poisson M5-brane
theory. The Nambu-Poisson M5-brane theory is a well-defined theory under the large
C-field background. After we compactify 2-torus, the D3-brane should be well-defined
under the large NS-NS two-form background or large R-R two-form background. From a
string point of view, we should use the electric-magnetic duality to connect them. In other
words, we can have a field redefinition to connect them. Due to this large background,
we have two kinds of spacetime directions in our theories. Our conventions of world-
volume indices are α, β = 0, 1, µ˙, ν˙ = 1˙, 2˙ and A,B = 0, 1, 1˙, 2˙. The dotted indices
denote the directions that the NS-NS B-field (or R-R field) background is turned on.
The large two-form background only opens on two spatial directions. Other components
of the two-form background are weaker than the large two-form background under the
decoupling limit [8]. An action of the NS-NS D3-brane in the Poisson limit is
LNS−NS ≡
1
g2YM
(
−
1
4
F ′αβF
′αβ −
1
2
F ′αµ˙F
′αµ˙ −
1
4
F ′µ˙ν˙F
′µ˙ν˙
)
. (59)
We define the non-commutative field strength at the Poisson limit as
F ′AB ≡ F
′
AB + g
′{a′A, a
′
B}, (60)
where F ′AB ≡ ∂Aa
′
B−∂Ba
′
A, g
′ ∼ θ′1˙2˙, a′A can be identified as two-form gauge potential of
the Nambu-Poisson M5-brane directly after we perform dimensional reduction, and the
Poisson bracket is defined by
{f1(x), f2(x)} ≡ ǫ
µ˙ν˙∂µ˙f1∂ν˙f2, (61)
where ǫ1˙2˙ = −ǫ2˙1˙ = 1. Then we introduce an action of the R-R D3-brane in the Poisson
limit as
LRR = g
2
YM
(
−
1
2
H21˙2˙ +
1
2
Fαµ˙F
αµ˙ −
1
4
Fµ˙ν˙F
µ˙ν˙ +
1
2g
ǫαβFαβ
)
, (62)
where
H1˙2˙ ≡ H1˙2˙ + g{b1˙, b2˙}, (63)
Fαµ˙ ≡ (V
−1)µ˙
ν˙
(
Fαν˙ + gFν˙σ˙Bˆα
σ˙
)
, (64)
Fαβ ≡ Fαβ + g
(
− Fαµ˙Bˆβ
µ˙ − Fµ˙βBˆα
µ˙ + gFµ˙ν˙Bˆα
µ˙Bˆβ
ν˙
)
, (65)
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H1˙2˙ ≡ ∂µ˙b
µ˙, Vµ˙
ν˙ ≡ δµ˙
ν˙ + gǫν˙λ˙∂µ˙bλ˙, FAB ≡ ∂AaB − ∂BaA, (66)
and Bˆα
µ˙ satisfies
Vµ˙
ν˙
(
∂αbν˙ − V
ρ˙
ν˙Bˆ
α
ρ˙
)
+ ǫαβFβµ˙ + gǫ
αβFµ˙ν˙Bˆβ
ν˙ = 0. (67)
We will use a flat metric ηAB to raise or lower indices. When we perform dimensional
reduction in the Nambu-Poisson M5-brane theory to obtain the R-R D3-brane theory,
we need to define Bˆµ˙α, which satisfies the non-linear equation (67), to identify aα. If we
want to explicitly write Bˆµ˙α in terms of other fields, we need to use perturbative method
because it satisfies a nonlinear equation. However, we do not need to use perturbative
method to find a field redefinition in the Poisson limit. Our field redefinition gives an
exact equivalence between the NS-NS D3-brane and R-R D3-brane theories.
To see the field redefinition between the NS-NS theory and the R-R theory in the Pois-
son limit, bµ˙ in the R-R theory can be identified with a′µ˙ in the NS-NS theory according
to
g2YMb
µ˙ ≡ ǫµ˙ν˙a′ν˙ . (68)
Then we have
F ′
1˙2˙
= F ′
1˙2˙
+ g′{a′
1˙
, a′
2˙
} = g2YMH1˙2˙, (69)
where we used g2YMg
′ = g. We can also find
F ′αµ˙ = −g
2
YMǫµ˙ν˙
(
∂αbν˙ − Vλ˙
ν˙Bα
λ˙
)
, (70)
where
g2YMBα
µ˙ ≡ ǫµ˙ν˙∂ν˙a
′
α. (71)
Let us define
F ′′αµ˙ ≡ ǫαβF
′βν˙ǫν˙µ˙ = ǫαβ
(
∂βbµ˙ − B
βν˙Vν˙µ˙
)
, (72)
which will be identified with Fαµ˙ in the R-R theory later after duality transformations.
After some change of variables, the Lagrangian (59) is equivalent to
LNS−NS = −
1
4g2YM
F ′αβF
′αβ +
g2YM
2
F ′′αµ˙F
′′αµ˙ −
g2YM
2
H1˙2˙H
1˙2˙. (73)
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The next step is to introduce an auxiliary field to dualize Fαβ. Then the dynamics of
the Lagrangian above is equivalent to the dynamics of the following Lagrangian
L
(1)
NS−NS ≡ −
g2YM
2
φ2 +
1
2
ǫαβF ′αβφ+
g2YM
2
F ′′αµ˙F
′′αµ˙ −
g2YM
2
H1˙2˙H
1˙2˙. (74)
An equation of motion of φ imposes a constraint
g2YMφ = F
′
01, (75)
which replaces φ by F ′01 so we go back to (73).
Then we use field strength
Fµ˙ν˙ ≡ ∂µ˙aν˙ − ∂µ˙aν˙ (76)
to replace φ. We claim that the Lagrangian
L
(2)
NS−NS = −
g2YM
2
F 2
1˙2˙
+
1
2
ǫαβF ′αβF1˙2˙ +
g2YM
2
F ′′αµ˙F
′′αµ˙ −
g2YM
2
H1˙2˙H
1˙2˙ (77)
is still equivalent to (73). An equation of motion of aµ˙ implies
∂µ˙
(
F1˙2˙ − F
′
01
)
= 0. (78)
We assume that our fields vanish at infinities of the coordinates xµ˙, then we obtain
F1˙2˙ = F
′
01. (79)
The last step is to carry out a duality transformation to get aα from a
′
α. Before that,
we expand the second term in the Lagrangian (77) as
F ′01F1˙2˙ = F
′
01F1˙2˙ + g
′{a′0, a
′
1}F1˙2˙
= g2YM
(
ǫαβ∂βaµ˙Bα
µ˙ + gǫαβF1˙2˙Bα
1˙B2˙β + total derivatives
)
. (80)
Then we replace Bα
µ˙ by B˘α
µ˙ in this Lagrangian and add an additional term
g2YMǫ
αβfβµ˙
(
B˘α
µ˙ − ǫµ˙ν˙∂ν˙a
′
α
)
(81)
to perform a duality transformation. The new Lagrangian is equivalent to the previous
one (77) because B˘α
µ˙ equals to Bα
µ˙ (71) when the Lagrange multiplier fβµ˙ is integrated
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out. If we integrate a′α out, we obtain ǫ
µ˙ν˙∂ν˙fβµ˙ = 0. This implies that locally fβµ˙ = −∂µ˙aβ
for some field aβ . Therefore, (81) becomes
−g2YMǫ
αβ∂µ˙aβB˘α
µ˙. (82)
Now we integrate B˘α
µ˙ out by the Gaussian integration. This result of the integration is
equivalent to replacing B˘α
µ˙ by the solution of its equation of motion (67).
After integrating B˘α
µ˙ out, (80) can be rewritten as
g2YM
2g
ǫαβFαβ (83)
up to total derivatives. According to (72), we find
F ′′αµ˙ = Fαµ˙. (84)
Dynamics of the Lagrangian (77) is exactly equivalent to the dynamics of (62). This La-
grangian can also be found from the Nambu-Poisson M5-brane theory by dimensional re-
duction. This redefinition should imply the meaning of the S-dualtiy or electric-magnetic
duality.
3.3.2 Perturbation
We show an electric-magnetic duality from the R-R D3-brane theory to the NS-NS D3-
brane theory up to the second order. We first mention how to perform the electric-
magnetic duality up to the second order in a general Yang-Mills type theory by pertur-
bation. If the action is
g2YM
∫
d4x
(
−
1
4
FABF
AB + gQ1(FAB) + g
2Q2(FAB)
)
,
we can consider∫
d4x
(
−
g2YM
4
FABF
AB + g2YMgQ1(FAB) + g
2
YMg
2Q2(FAB) +
1
2
G˜ABF
AB
)
(85)
to do the electric-magnetic duality. We add one additional term to promote FAB to an
unconstrained field. Integrating G = dB out, we obtain dF = 0. Therefore, we solve
dF = 0 to obtain F = dA to go back to the original theory. We vary FAB to obtain
−FAB + g
δQ1
δFAB
+ g2
δQ2
δFAB
+
1
g2YM
G˜AB = 0
24
or
FAB =
1
g2YM
G˜AB + g
δQ1
δFAB
+ g2
δQ2
δFAB
.
Hence, we obtain an action of the form∫
d4x
[
1
4g2YM
G˜ABG˜
AB + g2YMgQ1
(
1
g2YM
G˜AB
)
+ g2YMg
2Q2
(
1
g2YM
G˜AB
)
+
g4YMg
2
4
δQ1
δG˜AB
(
1
g2YM
G˜AB
)
δQ1
δG˜AB
(
1
g2YM
G˜AB
)]
. (86)
We used
Q1(FAB) ≈ Q1
(
1
g2YM
G˜AB
)
+
g4YMg
2
δQ1
δG˜AB
(
1
g2YM
G˜AB
)
δQ1
δG˜AB
(
1
g2YM
G˜AB
)
in the above action. We write the action in terms of GAB as∫
d4x
(
−
1
4g2YM
GABG
AB + g2YMgQ1(GAB) + g
2
YMg
2Q2(GAB) +
g4YMg
2
4
δQ1
δG˜AB
(GAB)
δQ1
δG˜AB
(GAB)
)
.
We use the above electric-magnetic duality formula to go from the D3-brane in the
large R-R two form background to the non-commutative U(1) gauge theory or the D3-
brane in the large NS-NS two-form background at the zeroth and first orders. This
method relies on the fact that action does not contain gauge potential variables. For this
goal, we fix
B1˙ = b2˙ = 0.
The action at the zeroth order is∫
d4x
(
−
1
4g2YM
GABG
AB
)
after we perform the electric-magnetic duality. We integrate b field out before we perform
the electric-magnetic-duality. This result of integration is equivalent to setting
H1˙2˙ ≈ −F01.
Then we consider first order correction. The action at the first order is given by
g2YM
∫
d4x
(
H1˙2˙ǫ
αβFα1˙∂βb
1˙ −
1
2
ǫαβFµ˙ν˙F
αµ˙F βν˙ + Fαµ˙F
α
1˙∂
µ˙b1˙ − Fαµ˙∂
αb1˙F
µ˙1˙
)
25
up to total derivative terms. We use
b1˙ = ∂1˙∂−2
1˙
H1˙2˙
to replace b1˙ by H1˙2˙. Then we perform the electric-magnetic duality on this action at
the first order as
1
g2YM
∫
d4x
(
ǫαβG˜01G˜α1˙∂β∂
1˙∂−2
1˙
G˜01 −
1
2
ǫαβG˜µ˙ν˙G˜
αµ˙G˜βν˙
−G˜αµ˙G˜
α
1˙∂
µ˙∂1˙∂−2
1˙
G˜01 + G˜αµ˙G˜
µ˙1˙∂α∂1˙∂1˙
−2G˜01
)
.
(87)
For the purpose of rewriting a theory for H1˙2˙, we have non-local operators (inverse
derivatives) in our theory. But we know that the non-commutative U(1) gauge theory
at the Poisson limit should be described by local variables. Naively, this implies that we
cannot obtain the non-commutative U(1) gauge theory from this method. We will show
that these non-local operators will be canceled.
The first term of the action at the first order is
1
g2YM
∫
d4x
(
− ǫαβǫαγG
1˙2˙Gγ2˙∂β∂
1˙∂−2
1˙
G1˙2˙
)
=
1
g2YM
∫
d4x
(
− ǫαβǫαγ∂1˙B2˙G
γ2˙∂β∂
1˙∂−2
1˙
∂1˙B2˙
)
=
1
g2YM
∫
d4x
(
Gβ2˙∂1˙B2˙∂βB2˙
)
.
(88)
The second tern of the action at the first order is
1
g2YM
∫
d4x
(
− ǫαβG˜1˙2˙G˜
α1˙G˜β2˙
)
=
1
g2YM
∫
d4x
(
ǫβδG01Gβ 2˙Gδ1˙
)
=
1
g2YM
∫
d4x
(
−
1
2
Gαβ{Bα, Bβ} − ǫ
βδG01∂1˙Bδ∂βB2˙
)
. (89)
The third term of the action at the first order is
1
g2YM
∫
d4x
(
ǫαµ˙βν˙ǫ
α1˙γ2˙Gβν˙Gγ2˙∂
µ˙∂1˙∂−2
1˙
G1˙2˙
)
=
1
g2YM
∫
d4x
(
ǫµ˙ν˙ǫαβǫ
αγGβν˙Gγ2˙∂
µ˙∂1˙∂−2
1˙
G1˙2˙
)
=
1
g2YM
∫
d4x
(
− ∂1˙BγGγ2˙∂
2˙B2˙ −G
γ2˙Gγ2˙∂
1˙B2˙
)
. (90)
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The fourth term of the action at the first order is
1
g2YM
∫
d4x
(
G˜α2˙G˜
2˙1˙∂α∂1˙∂
−2
1˙
G˜01
)
=
1
g2YM
∫
d4x
(
− G˜α2˙G
01∂αB2˙
)
=
1
g2YM
∫
d4x
(
ǫαβG
01∂1˙B
β∂αB2˙
)
.
(91)
We combine all four terms to obtain
1
g2YM
(
−Gα2˙{Bα, B2˙} −
1
2
Gαβ{Bα, Bβ}
)
.
This is the same as the D3-brane theory in the large NS-NS two-form background or
non-commutative U(1) gauge theory at the first order.
Now we consider the second order calculation of the electric-magnetic duality. This
is a non-trivial consistent check due to the cancellation of the non-local operators .
We first express an equation of motion of H1˙2˙ up to first order,
H1˙2˙ ≈ −F01 + gA,
where A is a first order correction. Since A contains many non-local operators, we use
A to denote the full terms instead of writing them explicitly. Now we want to obtain
Q1(GAB) and Q2(GAB) from the zeroth and first orders action after we use the equation
of motion of H1˙2˙. From the action at the zeroth order
g2YM
∫
d4x
(
−
1
2
H1˙2˙H
1˙2˙ − F01H1˙2˙ −
1
4
Fµ˙ν˙F
µ˙ν˙ −
1
2
Fαµ˙F
αµ˙
)
,
we can obtain a term
1
g2YM
∫
d4x
(
−
1
2
A2
)
,
where we redefine A by replacing G by G˜/g2YM in Q2(GAB). Then the action at the first
order
g2YM
∫
d4x
(
ǫαβH1˙2˙Fα1˙∂βb
1˙ −
1
2
ǫαβFµ˙ν˙F
αµ˙F βν˙ + Fαµ˙F
α
1˙∂
µ˙b1˙ − Fαµ˙∂
αb1˙F
µ˙1˙
)
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implies
Q1 =
1
g4YM
(
ǫαβG˜01G˜α1˙∂β∂
1˙∂−2
1˙
G˜01 − ǫαβG˜1˙2˙G˜
α1˙G˜β2˙ − G˜α1˙G˜
α
1˙G˜01 − G˜α2˙G˜
α
1˙∂
2˙∂1˙∂−2
1˙
G˜01
−G˜α2˙G˜
1˙2˙∂α∂1˙∂1˙
−2G˜01
)
,
(92)
and one term for Q2(GAB) as
1
g2YM
∫
d4x
(
A2
)
, (93)
where we also redefine A by replacing G by G˜/g2YM . Now we show that A is canceled in
our calculations.
δQ1
δG˜1˙2˙
=
1
g4YM
(
− ǫαβG˜
α1˙G˜β2˙ − G˜α2˙∂
α∂1˙∂
−2
1˙
G˜01
)
=
1
g4YM
(
ǫαβGα1˙Gβ2˙ − ǫ
αβGα1˙∂βB2˙
)
=
1
g4YM
(
ǫαβ∂1˙Bα∂2˙Bβ
)
,
δQ1
δG˜α1˙
=
1
g4YM
(
ǫαβG˜01∂β∂
1˙∂−2
1˙
G˜01 − ǫ
αβG˜1˙2˙G˜β2˙ − 2G˜
α1˙G˜01 − G˜
α2˙∂2˙∂1˙∂
−2
1˙
G˜01
)
=
1
g4YM
(
ǫαβG1˙2˙∂βB2˙ −G01G
α1˙ − 2ǫαβGβ2˙G
1˙2˙ + ǫαβGβ1˙∂2˙B2˙
)
,
δQ1
δG˜α2˙
=
1
g4YM
(
ǫαβG˜1˙2˙G˜β1˙ − G˜
α1˙∂2˙∂1˙∂−2
1˙
G˜01 − G˜1˙2˙∂
α∂1˙∂
−2
1˙
G˜01
)
=
1
g4YM
(
−G01G
α2˙ − ǫαβGβ2˙∂2˙B2˙ +G01∂
αB2˙
)
=
1
g4YM
(
G01∂2˙B
α − ǫαβGβ2˙∂2˙B2˙
)
,
δQ1
δG˜01
=
1
g4YM
A. (94)
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g4YM
2
δQ1
δG˜1˙2˙
δQ1
δG˜1˙2˙
= −
1
4g4YM
{Bα, Bβ}{Bα, Bβ},
g4YM
2
δQ1
δG˜α1˙
δQ1
δG˜α1˙
=
1
2g4YM
(
−G1˙2˙G1˙2˙∂βB2˙∂
βB2˙ +G01G01G
α1˙Gα1˙ − 4Gβ2˙G
β2˙G1˙2˙G1˙2˙
−Gβ1˙G
β1˙∂2˙B2˙∂2˙B2˙ − 2ǫ
αβG1˙2˙G01Gα1˙∂βB2˙ + 4G1˙2˙G1˙2˙G
α2˙∂αB2˙
−2G1˙2˙G
α1˙∂αB2˙∂2˙B2˙ + 4ǫ
αβG01Gα1˙Gβ2˙G1˙2˙ + 4Gα2˙G1˙2˙G
α1˙∂2˙B2˙
)
,
g4YM
2
δQ1
δG˜α2˙
δQ1
δG˜α2˙
=
1
2g4YM
(
G01G01∂2˙B
α∂2˙Bα −G
α2˙Gα2˙∂2˙B2˙∂2˙B2˙ + 2ǫ
αβG01Gα2˙∂2˙Bβ∂2˙B2˙
)
,
g4YM
2
δQ1
δG˜01
δQ1
δG˜01
= −
1
2g4YM
A2. (95)
g2YM
(
1
2g4YM
A2 +
g4YM
4
δQ1
δG˜AB
δQ1
δG˜AB
)
= −
1
4g2YM
{Bα, Bβ}{Bα, Bβ}
+
1
2g2YM
(
−G1˙2˙G1˙2˙∂βB2˙∂
βB2˙ +G01G01G
α1˙Gα1˙
−4Gβ2˙G
β2˙G1˙2˙G1˙2˙ −Gβ1˙G
β1˙∂2˙B2˙∂2˙B2˙ − 2ǫ
αβG1˙2˙G01Gα1˙∂βB2˙
+4G1˙2˙G1˙2˙G
α2˙∂αB2˙ − 2G1˙2˙G
α1˙∂αB2˙∂2˙B2˙
+4ǫαβG01Gα1˙Gβ2˙G1˙2˙ + 4Gα2˙G1˙2˙G
α1˙∂2˙B2˙ +G01G01∂2˙B
α∂2˙Bα
−Gα2˙Gα2˙∂2˙B2˙∂2˙B2˙ + 2ǫ
αβG01Gα2˙∂2˙Bβ∂2˙B2˙
)
.
(96)
After using the equation of motion forH1˙2˙, we have non-local operators (A). Nevertheless,
A vanishes in the final result.
Let us start to calculate the action at the second order.
Vµ˙
ν˙ = δµ˙
ν˙ + g∂µ˙b
ν˙ , (Vµ˙
ν˙)−1Vν˙
ρ˙ = δµ˙
ρ˙, (Vµ˙
ρ˙)−1 ≈ δµ˙
ρ˙ − g∂µ˙b
ρ˙ + g2∂µ˙b
ν˙∂ν˙b
ρ˙.
(97)
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Mµ˙ν˙
αβ = Vµ˙ρ˙Vν˙
ρ˙δαβ − gǫαβFµ˙ν˙
= δµ˙ν˙δ
αβ + g
(
(∂µ˙bν˙ + ∂ν˙bµ˙)δ
αβ − ǫαβFµ˙ν˙
)
+ g2∂µ˙bρ˙∂ν˙b
ρ˙δαβ,
(M λ˙µ˙γα)
−1Mµ˙ν˙
αβ = δλ˙ν˙δγ
β,
(M λ˙µ˙γα)
−1 = δλ˙µ˙δγα − g
[(
∂λ˙bµ˙ + ∂µ˙bλ˙
)
δγα − ǫγαF
λ˙µ˙
]
+g2
[(
∂λ˙bρ˙∂ρ˙b
µ˙ + ∂ρ˙bλ˙∂ρ˙b
µ˙ + ∂ρ˙bλ˙∂µ˙bρ˙ + Fρ˙
µ˙F λ˙ρ˙
)
δγα
−
[(
∂λ˙bρ˙ + ∂ρ˙bλ˙)Fρ˙
µ˙ + (∂ρ˙b
µ˙ + ∂µ˙bρ˙
)
F λ˙ρ˙
]
ǫγα
]
. (98)
Bˆα
µ˙ = (Mαβ
µ˙ν˙)−1
(
Vν˙
σ˙∂βbσ˙ + ǫ
βγFγν˙
)
,
Vν˙
σ˙∂βbσ˙ + ǫ
βγFγν˙ = ∂
βbν˙ + ǫ
βγFγν˙ + g∂ν˙b
σ˙∂βbσ˙,
Bˆα
µ˙ ≈ ∂αb
µ˙ + ǫαβF
βµ˙
+g
(
− ∂ν˙bµ˙∂αbν˙ − ǫαβ∂
µ˙bν˙F
βν˙ − ǫαβ∂ν˙b
µ˙F βν˙ + ǫαβF
µ˙ν˙∂βbν˙ + F
µ˙ν˙Fαν˙
)
+g2
(
∂ρ˙bµ˙∂ν˙bρ˙∂αbν˙ + ǫαβF
βν˙∂µ˙bρ˙∂ρ˙bν˙ + ǫαβF
βν˙∂ρ˙bµ˙∂ρ˙bν˙ + ǫαβF
βν˙∂ρ˙bµ˙∂ν˙bρ˙
−ǫαβFρ˙ν˙∂
µ˙bρ˙∂βbν˙ − ǫαβFρ˙ν˙∂
ρ˙bµ˙∂βbν˙ − ǫαβF
µ˙ρ˙∂ν˙bρ˙∂
βbν˙ − Fαν˙F
ρ˙ν˙∂µ˙bρ˙
−Fαν˙F
ρ˙ν˙∂ρ˙b
µ˙ − Fαν˙F
µ˙ρ˙∂ρ˙b
ν˙ − Fαν˙F
µ˙ρ˙∂ν˙bρ˙ + Fρ˙ν˙F
µ˙ρ˙∂αb
ν˙ + ǫαβF
βν˙Fρ˙ν˙F
µ˙ρ˙
)
.
(99)
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Fαµ˙ = (Vµ˙
ν˙)−1
(
Fαν˙ + gFν˙δ˙Bˆα
δ˙
)
,
Fαν˙ + gFν˙δ˙Bˆα
δ˙ = Fαν˙ + g
(
Fν˙δ˙∂αb
δ˙ + ǫαβFν˙ δ˙F
βδ˙
)
+g2
(
− Fν˙δ˙∂
ρ˙bδ˙∂αbρ˙ − ǫαβFν˙δ˙∂
δ˙bρ˙F
βρ˙ − ǫαβFν˙δ˙∂ρ˙b
δ˙F βρ˙ + ǫαβFν˙δ˙F
δ˙ρ˙∂βbρ˙
+Fν˙δ˙F
δ˙ρ˙Fαρ˙
)
,
Fαµ˙ ≈ Fαµ˙ + g
(
Fµ˙δ˙∂αb
δ˙ + ǫαβFµ˙δ˙F
βδ˙ − Fαν˙∂µ˙b
ν˙
)
+g2
(
− Fµ˙δ˙∂
ρ˙bδ˙∂αbρ˙ − ǫαβFµ˙δ˙∂
δ˙bρ˙F
βρ˙ − ǫαβFµ˙δ˙∂ρ˙b
δ˙F βρ˙ + ǫαβFµ˙δ˙F
δ˙ρ˙∂βbρ˙
+Fµ˙δ˙F
δ˙ρ˙Fαρ˙ − Fν˙δ˙∂αb
δ˙∂µ˙b
ν˙ − ǫαβFν˙δ˙F
βδ˙∂µ˙b
ν˙ + ∂µ˙b
ρ˙∂ρ˙b
ν˙Fαν˙
)
. (100)
We calculate g2YM
∫
d4x
(
1
2
Fαµ˙F
αµ˙
)
at the second order.
g2YM
∫
d4x
(
1
2
Fαµ˙F
αµ˙
)
→ g2YM
∫
d4x
(
− Fα2˙F
2˙1˙H1˙2˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)
− 3ǫαβFα2˙F
2˙1˙Fβ1˙H1˙2˙ + 2ǫ
αβFα1˙F
1˙2˙F2˙1˙
(
∂β∂1˙∂
−2
1˙
H1˙2˙
)
+
3
2
Fαµ˙F
µ˙δ˙Fδ˙ρ˙F
αρ˙ − ǫαβFα1˙F
1˙2˙Fβ2˙H1˙2˙ +
3
2
Fα1˙F
α1˙H1˙2˙H1˙2˙ + Fα2˙F
α1˙
(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)
H1˙2˙
+
1
2
F2˙1˙F
2˙1˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)(
∂α∂1˙∂
−2
1˙
H1˙2˙
)
+
1
2
Fα1˙F
α1˙
(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)
−F2˙1˙F
α1˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
))
.
Then we calculate Fαβ at the third order because we have one term
1
2g
ǫαβFαβ in our
Lagrangian.
Fαβ = Fαβ + g
(
− Fαµ˙Bˆβ
µ˙ − Fµ˙βBˆα
µ˙
)
+ g2Fµ˙ν˙Bˆα
µ˙Bˆβ
ν˙ . (101)
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We first calculate −Fµ˙βBˆα
µ˙ at the second order.
−Fµ˙βBˆα
µ˙
→ −F1˙β∂
1˙b1˙∂1˙b1˙∂αb1˙ − ǫαγFµ˙βF
γ1˙∂µ˙b1˙∂1˙b1˙ − ǫαγF1˙βF
γ1˙∂ρ˙b1˙∂ρ˙b1˙
−ǫαγF1˙βF
γν˙∂1˙b1˙∂ν˙b1˙ + ǫαγF1˙βF2˙1˙∂
2˙b1˙∂γb1˙ + ǫαγF2˙βF
2˙1˙∂1˙b1˙∂
γb1˙
+F1˙βFα2˙F
1˙2˙∂1˙b1˙ + F1˙βFαν˙F
ρ˙ν˙∂ρ˙b
1˙ + Fµ˙βFα1˙F
µ˙ρ˙∂ρ˙b
1˙ + F2˙βFαν˙F
2˙1˙∂ν˙b1˙
−F1˙βF2˙1˙F
1˙2˙∂αb
1˙ − ǫαγFµ˙βF
γν˙Fρ˙ν˙F
µ˙ρ˙. (102)
Then we calculate Fµ˙ν˙Bˆα
µ˙Bˆβ
ν˙ at the first order.
Fµ˙ν˙Bˆα
µ˙Bˆβ
ν˙
→
(
− ǫβρF1˙2˙∂αb
1˙∂2˙b1˙F
ρ1˙ + ǫβρF1˙2˙∂αb
1˙F 2˙1˙∂ρb1˙ + F1˙2˙∂αb
1˙F 2˙1˙Fβ1˙ − ǫαγF2˙1˙F
γ2˙∂1˙b1˙∂βb1˙
−Fµ˙ν˙Fβ
µ˙∂ν˙b1˙Fα1˙ − F2˙1˙Fβ
2˙∂ρ˙b
1˙Fα
ρ˙ + F1˙2˙Fβ
1˙F 2˙1˙∂αb1˙ + ǫαγFµ˙ν˙F
γµ˙F ν˙ρ˙Fβρ˙ + ǫαρF1˙2˙∂βb
1˙∂2˙b1˙F
ρ1˙
−ǫαρF1˙2˙∂βb
1˙F 2˙1˙∂ρb1˙ − F1˙2˙∂βb
1˙F 2˙1˙Fα1˙ + ǫβγF2˙1˙F
γ2˙∂1˙b1˙∂αb1˙ + Fµ˙ν˙Fα
µ˙∂ν˙b1˙Fβ1˙ + F2˙1˙Fα
2˙∂ρ˙b
1˙Fβ
ρ˙
−F1˙2˙Fα
1˙F 2˙1˙∂βb1˙ − ǫβγFµ˙ν˙F
γµ˙F ν˙ρ˙Fαρ˙
)
. (103)
Hence, we obtain g2YM
∫
d4x
(
1
2g
ǫαβFαβ
)
at the second order.
g2YM
∫
d4x
(
1
2g
ǫαβFαβ
)
→ g2YM
∫
d4x
(
− ǫαβF1˙βH1˙2˙H1˙2˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)
+ 3F1˙βF
β1˙H1˙2˙H1˙2˙ + 2F2˙βF
β1˙
(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)
H1˙2˙
+F1˙βF
β1˙
(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)
− 2F1˙βF2˙1˙
(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)(
∂β∂1˙∂
−2
1˙
H1˙2˙
)
−2F2˙βF
2˙1˙H1˙2˙
(
∂β∂1˙∂
−2
1˙
H1˙2˙
)
+ 6ǫαβF1˙βFα2˙F
1˙2˙H1˙2˙ + F1˙2˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)
F 2˙1˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)
+3ǫαβF1˙2˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)
F 2˙1˙Fβ1˙ − 2Fµ˙ν˙F
βµ˙F ν˙ρ˙Fβρ˙
)
. (104)
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Let us show the term g2YM
∫
d4x
(
1
2
Fαµ˙F
αµ˙ + 1
2g
ǫαβFαβ
)
.
g2YM
∫
d4x
(
1
2
Fαµ˙F
αµ˙ +
1
2g
ǫαβFαβ
)
→ g2YM
∫
d4x
(
Fα2˙F
2˙1˙H1˙2˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)
+ 3ǫαβFα2˙F
2˙1˙Fβ1˙H1˙2˙ − ǫ
αβFα1˙F
1˙2˙F2˙1˙
(
∂β∂1˙∂
−2
1˙
H1˙2˙
)
−
1
2
Fαµ˙F
µ˙δ˙Fδ˙ρ˙F
αρ˙ − ǫαβFα1˙F
1˙2˙Fβ2˙H1˙2˙ −
3
2
Fα1˙F
α1˙H1˙2˙H1˙2˙ − Fα2˙F
α1˙
(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)
H1˙2˙
−
1
2
F2˙1˙F
2˙1˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)(
∂α∂1˙∂
−2
1˙
H1˙2˙
)
−
1
2
Fα1˙F
α1˙
(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)
+F2˙1˙F
α1˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
)(
∂2˙∂1˙∂
−2
1˙
H1˙2˙
)
− ǫαβF1˙βH1˙2˙H1˙2˙
(
∂α∂1˙∂
−2
1˙
H1˙2˙
))
. (105)
Then we use the equation of motion H1˙2˙ ≈ −F01 to express our action in terms of F .
g2YM
∫
d4x
(
Fα2˙F
2˙1˙F01
(
∂α∂1˙∂
−2
1˙
F01
)
− 3ǫαβFα2˙F
2˙1˙Fβ1˙F01 + ǫ
αβFα1˙F
1˙2˙F2˙1˙
(
∂β∂1˙∂
−2
1˙
F01
)
−
1
2
Fαµ˙F
µ˙δ˙Fδ˙ρ˙F
αρ˙ + ǫαβFα1˙F
1˙2˙Fβ2˙F01 −
3
2
Fα1˙F
α1˙F01F01 − Fα2˙F
α1˙
(
∂2˙∂1˙∂
−2
1˙
F01
)
F01
−
1
2
F2˙1˙F
2˙1˙
(
∂α∂1˙∂
−2
1˙
F01
)(
∂α∂1˙∂
−2
1˙
F01
)
−
1
2
Fα1˙F
α1˙
(
∂2˙∂1˙∂
−2
1˙
F01
)(
∂2˙∂1˙∂
−2
1˙
F01
)
+F2˙1˙F
α1˙
(
∂α∂1˙∂
−2
1˙
F01
)(
∂2˙∂1˙∂
−2
1˙
F01
)
+ ǫαβF1˙βF01F01
(
∂α∂1˙∂
−2
1˙
F01
))
. (106)
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Now we replace F in terms of G˜.
1
g2YM
∫
d4x
(
G˜α2˙G˜
2˙1˙G˜01
(
∂α∂1˙∂
−2
1˙
G˜01
)
− 3ǫαβG˜α2˙G˜
2˙1˙G˜β1˙G˜01 + ǫ
αβG˜α1˙G˜
1˙2˙G˜2˙1˙
(
∂β∂1˙∂
−2
1˙
G˜01
)
−
1
2
G˜αµ˙G˜
µ˙δ˙G˜δ˙ρ˙G˜
αρ˙ + ǫαβG˜α1˙G˜
1˙2˙G˜β2˙G˜01 −
3
2
G˜α1˙G˜
α1˙G˜01G˜01 − G˜α2˙G˜
α1˙
(
∂2˙∂1˙∂
−2
1˙
G˜01
)
G˜01
−
1
2
G˜2˙1˙G˜
2˙1˙
(
∂α∂1˙∂
−2
1˙
G˜01
)(
∂α∂1˙∂
−2
1˙
G˜01
)
−
1
2
G˜α1˙G˜
α1˙
(
∂2˙∂1˙∂
−2
1˙
G˜01
)(
∂2˙∂1˙∂
−2
1˙
G˜01
)
+G˜2˙1˙G˜
α1˙
(
∂α∂1˙∂
−2
1˙
G˜01
)(
∂2˙∂1˙∂
−2
1˙
G˜01
)
+ ǫαβG˜1˙βG˜01G˜01
(
∂α∂1˙∂
−2
1˙
G˜01
))
=
1
g2YM
∫
d4x
(
− ǫαβG
β1˙G01G1˙2˙∂
αB2˙ − 3ǫαβG
α1˙G01G
β2˙G1˙2˙ +G
β2˙G01G01∂βB2˙
−
1
2
G01G01∂1˙B
α∂1˙Bα −
1
2
G01G01G
α2˙Gα2˙ − ǫαβG
α2˙G01G
β1˙G1˙2˙ +
3
2
Gα2˙G
α2˙G1˙2˙G1˙2˙
−Gα2˙G
α1˙∂2˙B2˙G1˙2˙ −
1
2
G01G01∂αB2˙∂
αB2˙ +
1
2
Gα2˙G
α2˙∂2˙B2˙∂2˙B2˙ + ǫ
αβG01Gβ2˙∂αB2˙∂
2˙B2˙
−Gα2˙G1˙2˙G1˙2˙∂αB2˙
)
.
Then we combine other terms.
1
g2YM
∫
d4x
[
− ǫαβG
β1˙G01G1˙2˙∂
αB2˙ − 3ǫαβG
α1˙G01G
β2˙G1˙2˙ +G
α2˙G01G01∂αB2˙
−
1
2
G01G01∂1˙B
α∂1˙Bα −
1
2
G01G01G
α2˙Gα2˙ − ǫαβG
α2˙G01G
β1˙G1˙2˙ +
3
2
Gα2˙G
α2˙G1˙2˙G1˙2˙
−Gα2˙G
α1˙∂2˙B2˙G1˙2˙ −
1
2
G01G01∂αB2˙∂
αB2˙ +
1
2
Gα2˙G
α2˙∂2˙B2˙∂2˙B2˙ + ǫ
αβG01Gβ2˙∂αB2˙∂
2˙B2˙
−Gα2˙G1˙2˙G1˙2˙∂αB2˙ −
1
4
{Bα, Bβ}{Bα, Bβ}+
1
2
(
−G1˙2˙G1˙2˙∂βB2˙∂
βB2˙ +G01G01G
α1˙Gα1˙
−4Gβ2˙G
β2˙G1˙2˙G1˙2˙ −Gβ1˙G
β1˙∂2˙B2˙∂2˙B2˙ − 2ǫ
αβG1˙2˙G01Gα1˙∂βB2˙ + 4G1˙2˙G1˙2˙G
α2˙∂αB2˙
−2G1˙2˙G
α1˙∂αB2˙∂2˙B2˙ + 4ǫ
αβG01Gα1˙Gβ2˙G1˙2˙ + 4Gα2˙G1˙2˙G
α1˙∂2˙B2˙G01G01∂2˙B
α∂2˙Bα
−Gα2˙Gα2˙∂2˙B2˙∂2˙B2˙ + 2ǫ
αβG01Gα2˙∂2˙Bβ∂2˙B2˙
)]
=
1
g2YM
∫
d4x
(
−
1
4
{Bα, Bβ}{Bα, Bβ} −
1
2
{Bα, B2˙}{Bα, B2˙}
)
.
To sum up, we obtain an expected answer at the second order. The calculations of
the electric-magnetic duality at the second order use the equation of motion to replace
H by F . This is not equivalent to integrating out exactly. At the zeroth and first
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orders, we can perform the electric-magnetic duality exactly. At the second order, the
electric-magnetic duality is a consistent check at classical level. Even for the classical
consistent check, this is a non-trivial check for the equivalence between the R-R D3 and
NS-NS D3 brane theories. The most difficult part is that the expansion for the R-R D3-
brane theory up to the second order in this method. We eventually obtain the beautiful
answer from the magical cancellation. The reason possibly comes from the covariant field
strengths in the R-R D3-brane theory. Physical answer should only depend on on-shell
degrees of freedom. It is why we have such a magical cancellation. This calculation is
also interesting in the study of the non-local effects. If we do not employ any gauge
fixing, we should find inverse derivative terms in our theory after performing the electric-
magnetic duality. However, we find a consistent answer without the inverse derivative
terms after gauge fixing. This implies that the non-local terms are not real physical
non-local effects. These non-local effects just originated from gauge redundancy. We
use gauge fixing to remove these inverse derivative terms. This result might have more
physical implications in the gauge theory. The electric-magnetic duality is an equivalence
between gauge coupling and inverse gauge coupling constants. This means that electric-
magnetic duality is a non-perturbative duality. Our successful step is that we use g
to carry out the expansion. Small g limit is equivalent to a large background limit.
This expansion should avoid strong coupling problems. Although the non-commutative
U(1) gauge theory has a non-abelian-like structure, the non-commutative U(1) gauge
theory is still different from the non-abelian Yang-Mills theory. However, we can use
the first method to perform the electric-magnetic duality on the non-abelian Yang-Mills
and non-commutative U(1) gauge theories. This shows that the first method should
be a general way to perform the electric-magnetic duality. We will give more generic
examples to perform the electric-magnetic duality by using the first method. The most
interesting problem is to study the non-abelian gauge group in the third method. The
motivation is a consistent construction of the multiple M5-branes theory. However, we
encounter difficulties to apply this method to the non-abelian gauge group. When we
perform the field redefinition in the non-commutative U(1) gauge theory, we will dual
a scalar field to a new field strength. We cannot use the same method in the non-
abelian gauge group. This technical problem is similar with the Poincare´ lemma in the
non-abelian gauge theories. In our perturbation study, this method also encounters a
similar problem. We believe that a consistent multiple M5-branes theory should have
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a totally different construction compared with the single M5-brane theory. The reason
is due to the fact that the electric-magnetic duality in the non-abelian gauge group is
different from the electric-magnetic duality in the abelian gauge group. The multiple M5-
branes theory should have a consistent electric-magnetic duality in four dimensions after
performing compactification on 2-torus. Thus, we believe that the multiple M5-branes
theory possibly cannot be extended from the single M5-brane theory directly.
In the second method, we use the Seiberg-Witten map to rewrite the non-commutative
U(1) gauge theory from the commutative variables. Therefore, we obtain a similar form
after we perform the electric-magnetic duality. In the third method, we always perform
the electric-magnetic duality on the non-commutative space without using any commu-
tative variables. Because they can be connected from the electric-magnetic duality or
field redefinition, they should be equivalent theories after we perform the second and or
third types electric-magnetic duality in the large background limit. Because the R-R D3-
brane has a complicated action with the non-local inverse derivative operator. We should
expect that we can use the perturbation method with respect to the non-commutativity
parameter to find a non-local field redefinition to rewrite the R-R D3-brane with a com-
pact form rewritten from the Poisson bracket. However, the non-local field redefinition is
very hard to find systematically. When we use the perturbation to perform the electric-
magnetic duality from the R-R D3-brane to the NS-NS D3-brane, we also use some
techniques to remove non-local operators. If we consider the electric-magnetic duality
from the NS-NS D3-brane to the R-R D3-brane, then the non-local operators will appear
in our computation to bother us. Even if we know that it should work, the non-local
operators have very difficult technique problems. In principle, we should determine their
relations from perturbation methods at least up to the first order with respect to the
non-commutativity parameter in the large background limit. We leave this interesting
direction to the future.
When we discuss the third method, we identify the NS-NS field with the R-R field.
It is an interesting point because the second method needs to rewrite our theory in
terms of the abelian field strength. Hence, the second method must be failed when you
consider the non-abelian gauge theories. However, we find that the field redefinition
and perturbation in the third method still cannot be extended to the non-abelian gauge
theories for some steps because we need to dual a scalar field to a new field strength.
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4 Electric-Magnetic Duality in p-Form Gauge The-
ories and a Non-Commutative Theory with the
Non-Abelian Structure
In this section, we extend the first method of the electric-magnetic duality that we used
in the non-commutative U(1) gauge theory to the p-form theories and a non-commutative
theory with the non-abelian structure. These studies should give a general extension to
various types of simple theories.
4.1 Abelian p-Form Theory
The simplest abelian p-form theory is
SABp = −
1
2g2YM (p+ 1) !
∫
d2p+2x Fµ1µ2···µp+1F
µ1µ2···µp+1 , (107)
where F = dA. We introduce an antisymmetric auxiliary field Gµ1µ2···µp+1 . The action
can be rewritten as
2
(p+ 1) !
∫
d2p+2x
(
g2YMGµ1µ2···µp+1G
µ1µ2···µp+1 −Gµ1µ2···µp+1Fµ1µ2···µp+1
)
. (108)
Then we integrate A out to obtain
2
(p+ 1) !
∫
DG exp
[
ig2YM
∫
d2p+2x
(
Gµ1µ2···µp+1G
µ1µ2···µp+1
)]
δ
(
∂ν1G
ν1ν2···νp+1
)
.
(109)
Solving the delta function is equivalent to finding
dG˜ = 0. (110)
According to the Poincare´ lemma, we get
G˜ = dA˜. (111)
Hence, we find
−
g2YM
2 (p+ 1) !
∫
d2p+2x G˜µ1µ2···µp+1G˜
µ1µ2···µp+1 . (112)
37
Then we obtain
∂µ1F
µ1µ2···µp+1 = 0 ←→ ∂µ1G˜
µ1µ2···µp+1 = 0 (113)
at classical level. Therefore, we generalize the electric-magnetic duality from one-form to
p-form gauge potential in the abelian group. We can extend the electric-magnetic duality
of the abelian p-form to all dimensions. Starting from
2
(p+ 1) !
∫
DG exp
[
ig2YM
∫
d2p+2x
(
Gµ1µ2···µp+1G
µ1µ2···µp+1
)]
δ
(
∂ν1G
ν1ν2···νp+1
)
.
(114)
Introducing an auxiliary field A˜ to rewrite the partition function as∫
DGDA˜ exp
[
i
2g2YM
(p+ 1) !
∫
d2p+2x
(
Gµ1µ2···µp+1G
µ1µ2···µp+1 + (p+ 1)A˜µ2µ3···µp+1∂µ1G
µ1µ2···µp+1
)]
,
(115)
where A˜ is zero-form when p = 0. The last step is integrating G out to get
−
g2YM
2 (p+ 1) !
∫
d2p+2x G˜aµ1µ2···µp+1G˜
µ1µ2···µp+1,a. (116)
Because we do not use the Poincare´ lemma to solve the delta function, we can extend the
electric-magnetic duality to all dimensions for the abelian p-form theory in this method.
This method can also be applied to the non-abelian p-form theory.
4.2 Non-Abelian p-Form Theory
The non-abelian p-form theory is
SNABp = −
1
2g2YM (p+ 1) !
∫
d2p+2x F aµ1µ2···µp+1F
µ1µ2···µp+1,a, (117)
where F = DB, D ≡ d+A, where A is one-form gauge potential and B is p-form gauge
potential (If p = 1, B = A). We introduce an antisymmetric auxiliary field, Gµ1µ2···µp+1
to rewrite the action as
2
(p+ 1) !
∫
d2p+2x
(
g2YMG
a
µ1µ2···µp+1
Gµ1µ2···µp+1,a −Gµ1µ2···µp+1,aF aµ1µ2···µp+1
)
. (118)
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We integrate A out to get∫
DG exp
[
ig2YM
2
(p+ 1) !
∫
d2p+2x
(
Gaµ1µ2···µp+1G
µ1µ2···µp+1,a
)]
δ
(
Dν1G
ν1ν2···νp+1
)
(119)
for p 6= 1. Now we add one auxiliary field A˜ to rewrite the Lagrangian as∫
DGDA˜ exp
[
i
2g2YM
(p + 1) !
∫
d2p+2x
(
Gaµ1µ2···µp+1G
µ1µ2···µp+1,a + (p + 1)A˜aµ2µ3···µp+1Dµ1G
µ1µ2···µp+1,a
)]
.
Then we integrate G out to obtain the dual Lagrangian
−
g2YM
2 (p+ 1) !
∫
d2p+2x G˜aµ1µ2···µp+1G˜
µ1µ2···µp+1,a, (120)
where G˜ ≡ DA˜. We obtain
Dµ1F
µ1µ2···µp+1,a = 0 ←→ Dµ1G˜
µ1µ2···µp+1,a = 0 (121)
at classical level after we have performed the electric-magnetic duality. One can find
that the electric-magnetic duality of the non-abelian one-form theory is more special
than non-abelian higher-form theory. In the non-abelian one-form theory, the covariant
derivative is also changed by the electric-magnetic duality, but the covariant derivative
of the non-abelian higher-form theory does not. For a covariant property of the non-
abelian higher form theory, we need to introduce an one-form gauge potential. This gauge
potential is not affected by the electric-magnetic duality. But if one integrates this non-
dynamical gauge potential out, this gauge potential should be related to the dynamical
gauge potential. The dynamical potential should be affected by the electric-magnetic
duality. We can explain that the electric-magnetic duality only duals the dynamical
degrees of freedom in this method. Because we do not use the Poincare´ lemma in the
non-abelian p-form theory, this method can be applied to all dimensions in the non-
abelian p-form theory although we denote dimensions to be 2p + 2 in our computations
for each p.
4.3 Non-Commutative Theory with the Non-Abelian Structure
We start from
SNCNA = −
1
4g2YM
∫
d4x Fˆ aµν ∗ Fˆ
µν,a, (122)
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where Fˆ aµν = ∂µAˆ
a
ν − ∂νAˆ
a
µ + [Aˆµ, Aˆν ]
a
∗
, Aˆµ ≡ Aˆ
a
µT
a, T a satisfies
T aT b − T bT a = fabcT c, T aT b + T bT a = dabcT c, (123)
[Aˆµ, Aˆν ]∗ ≡ [Aˆµ, Aˆν ]
a
∗
T a, and ∗ is the Moyal product.
We rewrite our action by introducing an antisymmetric auxiliary field Gˆaµν ,
S =
∫
d4x
(
g2YMGˆ
a
µν ∗ Gˆ
µν,a − Gˆµν,a ∗ Fˆ aµν
)
. (124)
We ignore the total derivative terms to express our action as
S =
∫
d4x
(
g2YMGˆ
a
µνGˆ
µν,a − Gˆµν,aFˆ aµν
)
=
∫
d4x
[
g2YMGˆ
a
µνGˆ
µν,a − Gˆµν,a
(
∂µAˆ
a
ν − ∂νAˆ
a
µ + [Aˆµ, Aˆν ]
a
∗
)]
≈
∫
d4x
[
g2YMGˆ
a
µνGˆ
µν,a − Gˆµν,a
[
∂µAˆ
a
ν − ∂νAˆ
a
µ + f
abcAˆbµAˆ
c
ν +
1
2
θρσ
(
∂ρAˆµ∂σAˆν − ∂ρAˆν∂σAˆµ
)a]]
=
∫
d4x
(
g2YMGˆ
a
µνGˆ
µν,a + 2Gˆµν,a∂νAˆ
a
µ − f
abcGˆµν,aAˆbµAˆ
c
ν − d
abcθρσGˆµν,a∂ρAˆ
b
µ∂σAˆ
c
ν
)
=
∫
d4x
(
g2YMGˆ
a
µνGˆ
µν,a − 2∂νGˆ
µν,aAˆaµ − f
abcGˆµν,aAˆbµAˆ
c
ν + d
abcθρσAˆbµ∂ρGˆ
µν,a∂σAˆ
c
ν
)
,
(125)
where we consider the Poisson limit for the Moyal product and ignore total derivative
terms. We used the antisymmetric property of Gˆaµν and θ
ρσ, and integrate by part in our
calculations. The action is quadratic in the field Aˆ so we can use the Gaussian integral
(13) to integrate Aˆ out.
The partition function is given by
Z ∼
∫
DG (detM)−
1
2 exp
[
ig2YM
∫
d4x
(
GˆaµνGˆ
µν,a − ∂γGˆ
µγ,a
(
M−1
)ab
µν
∂λGˆ
νλ,b
)]
,
(126)
where Mµν,bc = −g2YMf
abcGˆµν,a + g2YMd
abcθρσ∂ρGˆ
µν,a∂σ ≡ −f
′abcGˆµν,a + dabcθ˜ρσ∂ρGˆ
µν,a∂σ.
We use A¯aµ ≡ (M
−1)abµν∂ρGˆ
νρ,b to let Gˆµν,a satisfies the equation of motion in the Poisson
limit as
∂νGˆ
νµ,a +Mµν,abA¯bν = 0
⇒∂νGˆ
νµ,a − f ′abcGµν,cA¯bν + d
abcθ˜ρσ∂ρGˆ
µν,c∂σA¯
b
ν = 0
⇒∂νGˆ
νµ + [A¯ν , Gˆ
νµ] + {A¯ν , Gˆ
νµ} = 0, (127)
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where A¯ν ≡ T
aA¯aν and Gˆ
νµ ≡ T aGˆνµ,a.
Then we ignore total derivative term to rewrite the action as∫
d4x Gˆµν,aFˆ aµν(A¯) ≈ g
2
YM
∫
d4x Gˆµν,a
(
∂µA¯
a
ν − ∂νA¯
a
µ + f
′abcA¯bµA¯
c
ν + {A¯µ, A¯ν}
a
)
=
∫
d4x
(
− 2Gˆµν,a∂νA¯
a
µ + f
′abcGˆµν,aA¯bµA¯
c
ν + d
abcGˆµν,aθ˜ρσ∂ρA¯
b
µ∂σA¯
c
ν
)
=
∫
d4x
(
2∂νGˆ
µν,aA¯aµ + f
′abcGˆµν,aA¯bµA¯
c
ν − d
abcA¯bµθ˜
ρσ∂ρGˆ
µν,a∂σA¯
c
ν
)
=
∫
d4x
(
2∂νGˆ
µν,a
(
M−1
)ab
µλ
∂ρGˆ
λρ,b −
(
M−1
)be
µλ
∂ρGˆ
λρ,e(M)µν,bc
(
M−1
)cd
νσ
∂δGˆ
σδ,d
)
=
∫
d4x ∂νGˆ
µν,a(M−1)abµλ∂ρGˆ
λρ,b,
where we used integration by part, and A¯aµ = (M
−1)abµν∂ρGˆ
νρ,b. This term is equal to the
second term in (126). Therefore, we obtain alternative form of the partition function as
Z ∼
∫
DG (detM)−
1
2
∫
DA¯ exp
(
ig2YM
∫
d4x
(
GˆaµνGˆ
µν,a − Gˆµν,aFˆ aµν(A¯)
))
δ
(
2A¯aρ − 2(M
−1)abρσ∂λGˆ
σλ,b
)
, (128)
where the factor of 2 does not affect the calculation. The delta function can be expressed
as
δ(2A¯− 2M−1∂Gˆ) = δ
(
M−1(2MA¯− 2∂Gˆ)
)
, (129)
where A¯ ≡ A¯aµ, M
−1 ≡
(
M−1
)ab
µν
and ∂Gˆ ≡ ∂λGˆ
µλ,a. We used the matrix notation to
simplify our index notations. This extracts an additional factor detM out of the delta
function after integrating . Hence, we obtain
Z ∼
∫
DG (detM)
1
2
∫
DA¯DΛ exp
[
ig2YM
∫
d4x
[
GˆaµνGˆ
µν,a − Gˆµν,aFˆ aµν(A¯)
−Λaµ
(
2Mµν,abA¯bν − 2∂ρGˆ
µρ,a
)]]
.
(130)
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Now we simplify the term in the last bracket as∫
d4x 2
[
Λaµ
(
Mµν,abA¯bν − ∂ρGˆ
µρ,a
)]
=
∫
d4x
(
2ΛaµM
µν,abA¯bν + 2∂ρΛ
a
µGˆ
µρ,a
)
=
∫
d4x
(
2f ′abcΛaµA¯
b
νG
µν,c + 2dabcΛaµθ˜
ρσ∂ρGˆ
µν,c∂σA¯
b
ν + 2∂ρΛ
a
µGˆ
µρ,a
)
=
∫
d4x
(
2f ′abcGµν,aA¯bµΛ
c
ν − 2d
abcGˆµν,cθ˜ρσ∂ρΛ
a
µ∂σA¯
b
ν + 2∂ρΛ
a
µGˆ
µρ,a
)
=
∫
d4x
[
2Gˆµν,a ×
(
[A¯ν ,Λµ]
a + {A¯ν ,Λµ}
a
)
+ 2(∂νΛ
a
µ)Gˆ
µν,a
]
=
∫
d4x
(
2Gˆµν,a
(
D(A¯)ν Λµ
)a)
=
∫
d4x
(
− 2Gˆµν,a
(
D(A¯)µ Λν
)a)
, (131)
where we define D
(A¯)
µ O ≡ ∂µO + [A¯µ, O] + {A¯µ, O} and Λµ ≡ Λ
a
µT
a. Substitution of this
term into the partition function gives
Z ≈
∫
DG (detM)
1
2
∫
DA¯DΛ exp
[
ig2YM
∫
d4x
[
Gˆµν,a
(
Gˆaµν−Fˆ
a
µν(A¯)+2
(
D(A¯)µ Λν
)a)]]
.
(132)
Let us define a variable A˜µ ≡ A¯µ − Λµ. The field strength can be written as
Fˆµν(A¯) ≈∂µ(A˜ν + Λν)− ∂ν(A˜µ + Λµ) + [A˜µ + Λµ, A˜ν + Λν ] + {A˜µ + Λµ, A˜ν + Λν}
=∂µA˜ν − ∂νA˜µ + [A˜µ, A˜ν ] + {A˜µ, A˜ν}
+ ∂µΛν − ∂νΛµ + [A˜µ,Λν ] + [Λµ, A˜ν ] + [Λµ,Λν ] + {A˜µ,Λν}+ {Λµ, A˜ν}+ {Λµ,Λν}
=Fˆµν(A˜) +D
(A¯)
µ Λν −D
(A¯)
ν Λµ + [Λµ,Λν ] + {Λµ,Λν}, (133)
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where Fˆ ≡ Fˆ aT a. Thus, we obtain
Z ≈
∫
DG (detM)
1
2
∫
DA˜DΛ exp
[
ig2YM
∫
d4x
[
Gˆµν,a
(
Gˆaµν − Fˆ
a
µν
(
A˜
)
− [Λµ,Λν ]
a − {Λµ,Λν}
a
)]]
=
∫
DG (detM)
1
2
∫
DA˜ exp
[
ig2YM
∫
d4x
[
Gˆµν,a
(
Gˆaµν − Fˆ
a
µν
(
A˜
))]]
×
∫
DΛ exp
[
− ig2YM
∫
d4x
[
Gˆµν,a
(
[Λµ,Λν ]
a + {Λµ,Λν}
a
)]]
=
∫
DG (detM)
1
2
∫
DA˜ exp
[
ig2YM
∫
d4x
[
Gˆµν,a
(
Gˆaµν − Fˆ
a
µν
(
A˜
))]]
×
∫
DΛ exp
[
ig2YM
∫
d4x
(
dabcΛbµθ˜
ρσ∂ρGˆ
µν,a∂σΛ
c
ν − f
′abcΛbµGˆ
µν,aΛcν
)]
=
∫
DG (detM)
1
2
∫
DA˜ exp
[
ig2YM
∫
d4x
[
Gˆµν,a
(
Gˆaµν − Fˆ
a
µν
(
A˜
))]]
×
∫
DΛ exp
(
ig2YM
∫
d4x ΛaµM
µν,abΛbν
)
∼
∫
DGDA˜ exp
[
ig2YM
∫
d4x
[
Gˆµν
(
Gˆµν − Fˆµν
(
A˜
))]]
. (134)
We eventually integrate the field Λ out and obtain a factor (detM)−1/2 to cancel the
factor (detM)1/2 in front of the measure. This calculation shows
D(A)µ Fˆ
µν(A) = 0 ←→ D
˜(A)
µ Fˆ
µν(A˜) = 0 (135)
at classical level. This method does not use the Poincare´ lemma, we can extend from four
dimensions to all dimensions. Although the non-abelian structure is different from the
non-commutative structure, we can use the first method of the electric-magnetic dualities
in the non-commutative U(1) gauge theory to define the electric-magnetic duality for this
kind of theory. Other methods cannot be applied to this theory. The second method of
the electric-magnetic dualities in the non-commutative U(1) gauge theory relies on the
Seiberg-Witten map. If a theory has a non-abelian structure, then this theory should
have degrees of freedom on gauge potentials. When we perform the field redefinition to
relate two theories for the non-commutative U(1) gauge theory in the third method, the
field redefinition is related to the gauge potentials. From this point of view, we can use
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this method to perform the electric-magnetic duality for a theory with the non-abelian
structure. Unfortunately, this method still relies on a dual. This dual is valid for the
ordinary derivative. When considering the covariant derivative, this dual cannot be used.
For non-abelian gauge theories, we do not know how to define a covariant field strength by
using the ordinary derivative. The third method naively uses a field redefinition, which is
related to the gauge potentials, to perform the electric-magnetic duality, but it still relies
on some properties that exist only in the abelian gauge theories. This study shows that
the non-abelian gauge theories have a more delicate structure than the non-commutative
structures in the electric-magnetic dualities.
The most interesting aspect in the electric-magnetic dualities should be the multiple
M5-branes theory. A low energy effective theory of the multiple M5-branes does not have
a suitable or totally consistent Lagrangian formulation. If we compactify two torus with
different ordering, we obtain two multiple D3-branes theories. Two multiple D3-branes
theories should be related to each other via the electric-magnetic duality or S-duality. A
consistent electric-magnetic duality should motivate us to find the multiple M5-branes
theory. In our studies, we use some ways to find a suitable or workable definition. We
should define an electric-magnetic duality related to gauge potentials, but this is not
enough. We also need to understand how to dual a scalar field to field strength in non-
abelian gauge theories. These difficulties should also appear in the construction of the
multiple M5-branes theory. From our results, we find that the electric-magnetic duali-
ties of non-abelian gauge theories should be totally different from the electric-magnetic
dualities of abelian gauge theories. This points out the form of the multiple M5-branes
should be very different from the single M5-brane theory. If we perform the electric-
magnetic duality by the first method, it should not be hard to find the consistency for
the Lagrangian formulation between the NS-NS multiple D3-branes and the R-R multi-
ple D3-branes. Based on the T-duality, we can find the R-R multiple Dp-branes for the
Lagrangian formulation. They should be easy to construct. The most difficult thing is
how to find the multiple M5-branes such that we can get the multiple D3-branes in the
NS-NS or R-R backgrounds by compactification. The problem comes from the dualiza-
tion for the non-abelian gauge theories. This problem also occurs in the electric-magnetic
dualities. A study of the electric-magnetic duality reveals the main problem for the La-
grangian formulation of the multiple M5-branes. We leave the further studies in the
multiple M5-branes to future works.
44
5 Discussion and Conclusion
We study the electric-magnetic dualities in gauge theories by using path integration.
The electric-magnetic duality for the abelian Yang-Mills theory can be understood as
exchanging electric and magnetic fields in path integration like the Maxwell’s equations.
We define the electric-magnetic duality for the abelian Yang-Mills theory by
∂µF
µν = 0 ←→ ∂µF˜
µν = 0, dF = 0 → Fµν =
1
2
ǫµνρσF˜ρσ. (136)
The first relation is an invariant equation of motion under the electric-magnetic duality
and the second relation relates the field strength to the dual field strength in four dimen-
sions by using the Poincare´ lemma. Especially for the second relation, this is a strong
condition to restrict dimensionality for the electric-magnetic dualities in path integration
formulation. If we want to define the electric-magnetic dualities without using the sec-
ond relation, we can extend the electric-magnetic dualities from four dimensions to all
dimensions. Naively, this is still a suitable definition for the electric-magnetic dualities.
One should think about the degrees of freedom between the electric and magnetic fields.
In the abelian one-form Yang-Mills theory, we have an equal number of degrees of free-
dom in both the electric and magnetic fields in four dimensions. This means that the
electric-magnetic dualities lose the standard meaning in other dimensions (other than
four dimensions). In four dimensions, we have possibilities to find a map between the
electric (or magnetic) field and dual magnetic (or electric) field. But we do not have this
kind of map in other dimensions. If we want to maintain the standard meaning of the
electric-magnetic dualities, the Poincare´ lemma should be important. If we only replace
d by D = d+A in the Poincare´ lemma, this lemma should not be valid without putting
in more conditions. Then a direct generalization from the abelian Yang-Mills theory to
the non-abelian Yang-Mills theory should be impossible. A definition or operation must
have workable or calculable properties. Before we give a clever definition, we use a work-
able or calculable definition without using too restricted conditions. In other words, we
only use the first condition to define the electric-magnetic dualities in non-abelian gauge
theories. This might not be a smart definition to define the electric-magnetic dualities
in non-abelian gauge theories, but this should be calculable. A smart definition should
have a restriction on dimensionality without losing the standard meaning of the electric-
magnetic dualities. However, we do not have this kind of lemma at non-abelian level.
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Even without this lemma, the electric-magnetic dualities still exchange strong and weak
coupling constants for the non-abelian gauge theories in this method. We can map the
ordinary gauge theories to the dual gauge theories by exchanging the ordinary and dual
gauge fields, and using ordinary electric and magnetic fields simultaneously to find the
dual electric or magnetic fields. A main problem in the non-abelian gauge theories comes
from the covariant property. In the abelian gauge theories, the equations of motion do
not depend on gauge potentials, but the non-abelian gauge theories do. This is why
we lose the Poincare´ lemma in the non-abelian gauge theories. Dependence on gauge
potentials implies that exchanging the electric and magnetic fields is not a suitable op-
eration for the electric-magnetic dualities. But this does not mean that we cannot have
a modified Poincare´ lemma to put restrictions on dimensionality. We believe that the
electric-magnetic dualities should work in four dimensions with equal degrees of freedom
between the electric and magnetic fields for the non-abelian Yang-Mills theory. The non-
abelian p-form theory has one interesting feature in the electric-magnetic duality. In order
to have a gauge covariant property, we need to introduce a non-dynamical gauge potential
except for the one-form gauge potential. Then we find that the electric-magnetic duality
does not dual the non-dynamical degrees of freedom. Since electric-magnetic dualities
have different physical meanings for different methods, we perform three methods on the
non-commutative U(1) gauge theory and compare their different physical implications.
The non-commutative U(1) gauge theory has a non-abelian-like structure which comes
from the Moyal product and this theory can be described by the field strength without
using gauge potentials. The non-commutative U(1) gauge theory simultaneously has two
interesting properties so we can compare meanings in different electric-magnetic duali-
ties. In the first method, we do not have restrictions on dimensionality, but we have the
same form of action after performing the electric-magnetic duality. The ordinary electric
and magnetic fields, and dual electric and magnetic fields are covariant quantities. From
a symmetry point of view, electric and magnetic fields being covariant field strength
should be nice. In the second method, we use the Seiberg-Witten map to rewrite our
theory in terms of abelian field strength. This symmetry structure helps us to avoid
difficulties of the non-abelian-like structure. Due to this rewriting, we have restrictions
on the number of dimensions. In the third method, we consider large background limit
in the non-commutative theories. We use field redefinition and perturbation to study the
electric-magnetic duality. If one naively performs the electric-magnetic duality, one will
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find non-locality in the dual action. However, this non-locality should not be real because
we can use a suitable gauge fixing to remove them. We perform the exact calculation
up to the first order. At the second order, our calculations only concern the classical
information. The electric-magnetic dualities did not extend to this order due to the non-
Gaussian effects being difficult to handle. However, we obtain a consistent result and
give a string interpretation to this duality. The electric-magnetic dualities invert the cou-
pling constant so we cannot use the perturbation method to study the electric-magnetic
duality. The primary reason is due to the fact that our perturbative parameter is the
non-commutativity parameter (large antisymmetric background). Even if we go into the
strongly coupled regime under electric-magnetic duality, the dual effective theory is still a
well-defined theory under the decoupling limit. In this comparison, one should find that
the non-commutative U(1) gauge theory is different from the non-abelian gauge theories
although they have the similar structure. Due to this reason, we also perform the electric-
magnetic dualities in the non-commutative theory with the non-abelian structure. The
first method we used in the non-commutative U(1) gauge theory is still applicable in
this kind of model. This kind of theory should have some applications in the multiple
branes theory. This is also our motivation to study the non-commutative theory with
the non-abelian structure. However, our studies should provide a generic analysis for
electric-magnetic dualities in path integral formulation.
One important problem related to the electric-magnetic dualities is the multiple M5-
branes. One consistency check in the multiple M5-branes theory is on the multiple D3-
branes for the electric-magnetic dualities after compactifying 2-torus with different or-
derings. A low energy effective theory of the multiple D3-branes on the non-commutative
space should be the non-commutative Yang-Mills theory at leading order. If we believe
that the first method we used in the non-commutative U(1) gauge theory is a good def-
inition for the electric-magnetic dualities, we already obtained the consistency for the
electric-magnetic dualities. One problem in the multiple Dp-branes is the effective action
in a large R-R background limit. So far we did not have a consistent action based on
gauge symmetry, T-duality and S-duality in the Poisson limit. Based on these condi-
tions, this model should not be difficult to construct. The main non-trivial consistency
is an expected duality between two-form gauge potential in the multiple M5-branes and
one-form gauge potential in the multiple D4-branes. We leave this interesting work to
the future.
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The Nambu-Poisson M5-brane provides a R-R D3 brane from dimensional reduction.
Because the Nambu-Poisson M5-brane is valid at the second order, the R-R D3-brane
cannot go beyond this order. A conjecture for the full order is given, but symmetry (gauge
symmetry and supersymmetry) is not totally understood to all orders. A complete study
should give a complete action. This should give us a motivation to check the electric-
magnetic duality for the R-R D3-brane to all orders. This study should motivate many
low-energy effective theories in many different aspects.
The most important and fundamental issue is how to improve definition of the electric-
magnetic dualities for the non-abelian gauge theories. In abelian gauge theories, we relate
electric (magnetic) fields to dual magnetic (electric) fields in path integral formulation.
From an equation of motion in the non-abelian Yang-Mills theory, exchanging electric
and magnetic fields should not be a suitable operation for the electric-magnetic dualities
in the non-abelian Yang-Mills theory. When treating an one-form gauge potential in the
electric-magnetic duality, one has a non-trivial determinant factor in partition function.
Based on this non-trivial factor, a modified Poincare´ lemma is difficult to define in path
integral formulation. We have a no-go theorem [16] to show that the electric-magnetic
duality cannot be performed on the non-abelian Yang-Mills theory with an invariant
equation of motion and the Poincare´ lemma. However, a condition of restricting dimen-
sionality allows us to keep the standard meaning for electric-magnetic dualities. The
other approach is to modify the definitions of the electric and magnetic fields in the non-
abelian gauge theories. A quantity which can be observed should be gauge invariant. We
do not insist on a gauge covariant definition for field strength. A main problem in the
electric-magnetic dualities of non-abelian gauge theories comes from the gauge covariant
property. The gauge covariant property also lead to the ambiguities of the entanglement
entropy. The entanglement entropy [17] in gauge theories is not a gauge invariant quan-
tity in a tensor product decomposition of the Hilbert space. A proposal is to consider
non-tensor product decomposition with a non-trivial center between two regions. In the
abelian gauge theories, this proposal should be well-understood. For the non-abelian
gauge theories, the entanglement entropy may suffer from the gauge covariant problem.
Defining a gauge invariant entanglement entropy will be difficult. This direction should
help us understand more about holograph, black hole, and thermal entropy [18]. Candi-
dates of gauge invariant quantities are det(F ) and Wilson loop. A full gauge invariant
construction should be interesting and could affect our understanding of gauge theories
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from different ways. Another approach of electric-magnetic duality is to include all spin
fields with general relativity [19]. In this case, we do not use duality rotation to perform
the electric-magnetic duality.
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